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CIVIL ENGINEERING 


THE CONTINUOUS VIERENDEEL GIRDER 
BY 
Prof. I. A. EL-DEMIRDASH, Dr. Sc. techn. (ETH) 
AND 
H. A. ABDEL WAHAB, B.Sc., M.Sc. (CAIRO) 


INTRODUCTION 


Although the problem of the Vierendeel girder has been treated 
by many authors and several methods have been suggested for the 
determination of the internal forces and stresses, yet little has been 
mentioned in the technical literature of the deflections of the Vierendeel 
girder and its joint displacements. However, this problem is important 
for competitive design as well as for the solution of indeterminate 
systems in which the Vierendeel girder is involved. 


The absence of the diagonals in the different panels renders the 
Vierendeel girder rather elastic. The different members are subject to 
normal forces and bending moments at the same time. 


NY N, N) 
due to normal forces are of 


The deformations i, = > 


M, 


M_ ds 
--— due to bending 
EI 


moments. However, their relative values vary with the dimensions 


the same order as the deformations i= f 


of the system. 


The axial forces N of the Vierendeel girder follow the bending 
moment diagram of an equivalent simple beam. They depend also 
on the height “h”. Therefore, the higher the Vierendeel girder, 
in regard to its span, the smaller are the contributions 6, to the 
deflections. This is analogeous to the effect of increasing the height 
of a plate girder or a truss. 
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On the other hand, the bending moments M of the Vierendeel 
girder follow the shearing force diagram of an equivalent simple beam. 
An increase in the height of the girder, in regard to the span, does 
not change this diagram but leads to a reduction of the chord 
sections. Consequently, an increase in the height will increase the 
contributions 6,,, of the chord members to the deflections. It increases 
as well the Cabot By, Of the, vertical members whose lengths 
are equal to the height My a girder. Jn short, an increase in the © 
height of the Vierendee! girder will increase the effect of the bending 
moments on the delackont. 
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Fic. 1.—Vierendeel Girders a, 6, and c 


To illustrate the relative effects of the normal forces and 
bending moments on the deflections of the Vierendeel girder, 3 different 
girders (Fig. 1) with parallel chords and equal chord. stiffness have 
been investigated. They all have the same span L = 32 ms. but 
heights OF .0, 4.0 oe, ms, corresponding to L/6, L/8 and 
L/10 respectively. 
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It is interesting to notice that the maximum bending moments 
occur in the members of the end panels and decrease gradually 
towards the centre. On the other hand, the normal forces are small at 
the supports and increase gradually towards the centre of the girder. 
Their effect on the design of the Vierendeel girder becomes more and 
more important as the height is decreased. 


For this reason, the chord members at the ends of the V. girder 
may be designed entirely from the corresponding bending moments. 
However, at the middle of the span the chord stresses due to normal 
forces are of the same order as those due to bending moments. It is 
therefore necessary to consider the effects of both normal forces and 
bending moments in the design of the central chord members. 


Referring to Fig. 1, it is noticed that girders (a) and (b) have 
the same chord sections while girder (c) has a constant chord area. 
Furthermore, the vertical members in all three girders have the same 
cross-sections. This is due to the fact that normal forces and bending 
moments produced in these members are almost independent of the 
height of the Vierendeel girder. | 


In the design of all three girders’ the effect of rigid connections 
and haunches has been considered. The corresponding stresses at the 
ends of the haunches as well as midway between these sections have 
been verified. Due consideration has also been given to the combined 
stresses. All these considerations were found necessary in order to 
obtain practical designs. 


In order to study the effect of the normal forces and bending 
moments on the deformations, the deflections 6, and 6,, at the centre 
of the span for V. girders (a), (6) and (c), and the cages of loading 
(i), (ii) and (iii) are given in table (1). They are worked out for 
the stat. indet. systems as well as for their stat. det. main systems 
formed by introducing hinges in the mid-points of the different 
members. The results are then compared with those of a simple 


. . . hweie lis 2 
beam having a moment of inertia]. = 2A _ ( —) =- A h where 
e Or Mere Z c 


A, is the cross-sectional area of the chord member of the V. girder. 
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In working out the deflections of the V. girders, the haunches 
and the stiffness of the joints have not been considered. Since these 
have a favourable effect on the deformations of the V. girders, the 
comparative values given in table (1) are higher than the rea} 
deflections of the Vierendeel girders. 


A study of the results given in table (1) shows the following 
characteristics : 


1. The deflections of the V. girder are bigger than the deflections 
of the equivalent beam. The latter are almost equal to the contribu- 
tions 8, of the normal forces to the deflections of the Vierendeel 
girder. Thus, connection of the chord members by vertical posts 


does not provide the same stiffness as connection of the flanges by 
a full web. 


9, For all cases of loading and all girders, the contributions 8, and 
8,, to the deflections of the V. girder are more or less of the same 
order. In this respect, the V. girder differs from the lattice girder 
or truss where the effect of bending moments due to rigid connections 
on the deformations is generally neglected. 


3. The contributions 6,, of the bending moments to the deflections 
of the Vierendeel girder are in this case more important than the contri- 
butions 8, of the normal forces. The higher the girder with respect to its 


fe) 5 
span the bigger will be the ratio — and subsequently = 7 On 
i: 


on 
oT ch ; on 
the other hand, the bigger the ratio ie the smaller will be the ratio - — 
M 


ON 
and subsequently ——. 
Op 


a) 
4, The ratio a is minimum for the case of a single concentrated 
T 


load at the centre. The same ratio is bigger for the case of an 


unsymmetrical load at the quarter-point- On the other hand the 
5 

ratio = is maximum for a single concentrated load at the centre. 
T 

The same ratio, however, is smaller for a single load at the quarter-point. 
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For both ratios, the values found for the uniformly distributed 
load lie between the corresponding values for the cases of a single 
concentrated load P = 1 t at the centre and the quarter-point 
respectively. 


5. For all cases of loading and all girders, a remarkable coincidence 
is established between the deflections of the stat. indet. V. girder 
and those of its stat. det. main system formed by introducing 
hinges at the mid-points of the different members. This is true 
for the total deformations and also valid for the contributions 6, and 
5,, Separately. 


For this reason, it is recommended, hereafter, to replace the 
joint displacements of the indeterminate V. girder by those of its stat. 
det. main system ; the maximum error involved in this assumption 
for all the treated cases of loading and girders is5 % only. Such a small 
error is practically of no avail, considering the intricate mathematical 
computations needed for the determination of the actual deflections 
of the highly indet. Vierendeel girder. 


Furthermore, the errors involved in determining the deflections of 
the V. girder by this assumption, are smaller than the errors involved 
in determining the internal forces and moments. This is because 
the summations needed for the determination of the deflections by 
virtual work extend over all memebers. At the same time, the 
displacements of the actual points of contraflexure, from the mid-points 
of the different members, are not generally in the same direction. It 
follows that, if the replacement of the redundant V. girder by its stat. 
det. main system is not good enough for the determination of the 
actual normal forces and bending moments, it is however a good 
assumption for the determination of the deflections. 


A comparison is further made between the deflections of the 
V. girder and the deflections of the plate girder and truss. The three 
systems investigated are shown in Fig. (2). The results obtained for 
the deflections, as given in table (2), illustrate the relative stiffness 
of the different systems. 
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(c) Verendeel Girder (fa) 


Fic. 2.—Comparative Girders 


Furthermore, table (2) shows the following characteristics : 


1. The deflections of the V. girder, the N-truss and the plate 
girder bear roughly the following ratios: 


a a a 
Case of loading V. Girder N—Truss Pl. Girder 
Central load. - 1.00 0.80 0.60 
Quarter load. . . 1.00 0 88 0.68 
Distributed load. . 1.00 0.83 0.63 


This shows that the plate girder is stiffer than the truss and that 
both systems are stiffer that the Vierendeel girder. The ratio of 
relative stiffness changes with the loading and reaches its maximum 
value for a single concentrated load at the centre of the span. 


2. The contributions of the chord members of the truss to the 
deflections are almost equal to the contributions of the bending 
moments of the plate girder. On the other hand, the contributions of 


wa | 


the web members of the truss to the deflections are cons iderably 
bigger than the contributions of the shearing forces of the plate girder. 
This is obviously due to the effect of the continuous web which gives 
very small deflections due to shear. 


TABLE 2 


DEFLECTIONS OF DIEFERENT SYSTEMS 
(t, cm. units) 


Case of loading Vierendeel Girder N-Truss Plate girder 

Edy 65.553 | Edy 24.150 | Eo 4.440 
E 8x 35.098 | E> 55.000 | ES, 53.660 
E56, 100.651 | ES, 79.150 | ES, 58.100 

P= it at mid-span| 6),/5y 1.865 |  Sy/8¢ 44% 89/5u 8.34% 
8/87 64.8% | Sy/dz 40.5% | 89/Sz 7.68% 
bn/Oz 35.2% | 8¢/dp 69.5% | S/d 92.32% 
E Sy 31.824 | Edy 9.700 | ES&o 3.340 
Edy 24.877 | Edo 40 650.) Ex 34.970 
Eby 56.701 | ES, 50.350 | ES, 38.310 

P = It at } span Sy/Sy 1.276 |, Sy/3 | 23.85%] 89/Sy 9.55% 
8/5 56.1% | Sy/Sy 19.3% | 89/5, 8.7% 
8 y/d4 43.9% | 8/8 80.7% | 8y/8r 91.3% 
Edy 1038.620 | Edy 342.000 | E8p 71.000 
Edy 703.610 | E&> 1096.000 | ESy 1019. 700 
E b> 1742.430 | ES, 1438.000 | ES, 1090. 700 

P= it/m’ 5u/On 1.470 | 8By/5e 31.25%) 8 9/3y4 6.98% 
by/S7 59.5% | Sy /5p 23.9% | 89/8y 6.51% 
5y/d7 40.5% |) 8/87 76.1% |  By/8y 93.49% 

| 


3. The contributions of the normal forces to the deflections of the 
Vierendeel girder, arise chiefly from the chord members. The posts 
give negligible values. Furthermore, these contributions are rather 
smaller than the contributions of the chord members to the deflections 
of the truss or the contributions of the bending moments to the 
deflections of the plate girder. This is due to the fact that the chord 
members of the V. girder are designed not only for the normal forces 
but also for the co-existing bending moments. 


— Hea 


4, The contributions of the bending moments to the:deflections 
of the V. girder are much bigger than the contributions of the web 
members to the deflections of the truss. Both depend on the shearing 
forces of the simply supported beam. However, these shearing forces 
produce axial forces only in the web members of the truss. 


CHAPTER I 
].—The Deformations of the Vierendeel Girder 
Nee 
The contributions of the normal forces 6, = = - E to the 


deflections ofa V. girder, with equal chord stiffness and constant height, 
can be calculated from the deflections of an equivalent plate girder 


2 
whose moment of inertia I = 2 A. (ee) = > A. h. 


Referring to the VY. girder (],) the equivalent plate girder has 
moments of inertia 1, — 36,288,000 em‘ and I. = 28, 288, 000 cm4. 


J 


For a concentrated load P = 1t at the centre, the deflection of 
the equivalent plate girder is H6,,, = 22.438 t(em This value is 
nearly the same as the deformation EH, — 22.732 t/em. due to normal 


forces in the V. girder. The small difference between the two 
values is due to the small contributions of the vertical members of 
the V. girder. 


However, the value E6, is much less than the total deflection 
E6, = 96,225 t/em given in table (1). It is, therefore, wrong to 
dete nite the total deflections of the V. girder by teferning the system 
to an equivalent plate girder. 


On the other hand, it is not possible to determine the deflections 
of the V. girder by considering the effect of the bending moments only. 
Since the contributions of normal forces cannot be neglected, such 
a trial leads to erroneous results. Referring to table (1) it is clear, e.g., 
that for the case of a single concentrated load at mid-span, the contribu- 
tion E6,, = 73.493 t/om is a bad pPpLO=LmanOn for the total deflection 
i ge — 96. 225 t/[em. 


a 


” However, if a reasonable assumption is made for the position of the 
points of contraflexure the design of the V. girder, and subsequently 
the calculation of its deflections, can be simplified. According to 
Saliger, for example, the points of contraflexure for a V. girder 
‘with parallel chords under indirect loading are given by the ratios: 


bh, ae , at Ay 
FS i/ ca for vertical members and ee ae of for chord 
b b a r 


9 


members as shown in Fig. 3. 


’ For the sake of comparison, the different 
bending moment diagrams of the V. girder (I,) 
for the three cases of loading (1, ii, iii) are 
drawn in Figs. (4a, 46, and 4c). The points of 
contraflexure according to Saliger are shown 
separately in Fig. 5). These do not depend 
on the case of loading. The Figs. 4and 5 show 
clearly that the assumption of Saliger for the position of the points of 
contraflexure is not correct in the case of the V. girder. 


Fie. 3 


Fic. 4.—B. M. Ds. and Points of Contraflexure for V. Girder (Tb) 


cece 
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Fic. 5.—Points of Contraflexure according to Saliger 

Similarly, the common assumption made for the determination of 
the stresses in a V. girder with equal chord stiffness, by inserting 
hinges in the mid-points of its members, gives relatively big errors in 
the stresses. However, the same assumption leads to a good approxi- 
mation of the deflections. The results in table (1) show that the 
deflections of the redundant V. girder are almost identical with those 
of its statically determinate main system. The position of the point 
of contraflexure might not always fall together with the mid-point 
of every member ; still the summation for all panels gives a good 
approximation of the deflections. 


Effect of the Deviation of the Points of Contraflecure from the Mid- 
Points of the Members: 


(1) Effect on &,, 
Fig. (6) shows the flow of B.M. around a certain closed 
panel due to the cases P, and P;=—1t. The total B.M.D. of the 


V. girder in each case is the superposition of the corresponding 
diagrams of the different panels. 
Deviations ¢. 
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The points of contraflexure for the verticals are always at their 
mid-points. On the other hand, the points of contraflexure in the 
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chord members may deviate from their central mid-points. This 
deviation is not necessarily in the same direction or to the same 
extent for the case of deformation P, and the virtual loading 
P, =1t. Calling the B.Ms. of the redundant system M’ & M', and 
the B. Ms. of the stat. det. main system M, & M, respectively: 


M’' M' ds M' M'ds M' M'ds 

1 0 ia 1 0 bs 1 bial 

oy = af ET, +f gr 
where the indices c and v refer to chord members and verticals 
respectively. 
M’ M' ds (M,+4M,)(M,+4M,)ds 
ie6 0 0 1 1 

SLs ia a ir errs 
A M, A M,ds 


iL es, 

TA lett 3 BB 

(M,-+ 4M.) (M,+4M,)ds 

ie 8 0 0 1 1 

andes of if gre Bef EI 
(M.—AM,) (M,—AM,)ds 
NO 0 1 1 

Gf tf tne etieet ot I, 
AM, AM, ds 


=2 fog t2 fe (a) 


(M, +4 M,) (M, —a™M, ds 
he ee 


| 
| 


M, M’ ds 


cf gt 


| 
= 


(M,—4M,) M,+4M,)ds 
Eihiogo 
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In other words, provided that. A M, and A M, are small quantities, 
the difference between the contributions 5y of the exact deflection 
and that of the hinged system will be.a small quantity of the 2nd order. 


ee oe 
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(ii) Effect on 


Any deviation in the position of the points of contraflexure from 
the mid-points of each panel gives a corresponding change in the normal 


forces produced in the chord members. The normal forces in the 
vertical members, however, are not affected. In other words, any 
difference in the contributions will arise from the axial forces in the 
chord members. 


Calling the axial forces of the redundant system N’ and N_ , and 
the axial forces of the stat. det, main system Nand N, respectively . 


NN S ANS Nae 
it ; 
a cs TUNA 
Ni nN S NN S 
Hence ne. 2) AE = 2, A E 
MMS MMS 
0 1 0 1 


ale 5 — = 5 
pene EAs CS ea 


where My and M, are the moments of the simple beam at the 


points of contraflexure in the redundant system, and M, and M, are 
the moments at the mid-points of the panels. 


Neglecting the small term of the 2nd order: 


Ad 


A -=(M, 4 M, + M, 4 M,) 
Kh 


This value depends obviously on the the signs of A M, and A M, ; 


which need not be the same for all panels and loadings. The contribut- 
ions of a certain panel may be big but the resultant value of the 
summation over the whole span is not appreciable (Table 1). 


It is further remarked that the differences A M ‘are functions of 
the shearing force (Q) and that, for any case of loading, the shearing 
force diagram of the simple beam satisfies the condition f Q ds = 0. 


=, 7 


Consequently, if all points of contraflexure in the different panels are 
shifted equally A 6, will be zero, In other words, there will be no 


effect on the deflection of the V. girder due to normal forces. 


All these investigations show that the error involved in determin- 
ing the deflections of the redundant V. girder by reference to its hinged 
main system lies within the limits of practical approximation. The 
results given in table (1) support this statement. 


IIl.—The Elastic Line of the V. Girder 


Strictly speaking, the deflections of the V. girder are due to the 
effect of the normal forces, shearing forces and bending moments. 
Thus 8 = 6yt 59 + 8, -. However, the effect Bo of the S.F, is 
generally of no avail. Therefore 8 = By + 8). Furthermore, 


the deflections of the redundant VY. girder are paractically the same as 
those of its stat. det. system formed by introducing hinges in the mid- 
points of the different members. 


(i) The Contributions 8,: The deflection of the V. girder at 


a certain panel-point due to the effect of the axial forces is given by 
the expression : 


i 0 1 0 
+ 
SO ale 


Cc 


Ph fey 


Since the virtual case of loading P = 1 t stresses three verticals 
only, the contributions 6, will be relatively small. Table 3 gives 


the values of 6& 
(i, a2, 172). 
Consequently , the effect of the normal forces on the deflections 


of the V. girder could be approximately limited to the contributions 
of the chord members. Thus, 


N, for the V. girder (1b) and cases of loading 


N,N, 1° Mo MS 
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TABLE 3 


- Comparative VALUES oF 6, (t, cm. units) 


Case Case Case 
V. Gird 
erect (i) (ii) (iii) 
E on De oe 15.495 452.818 
E 8x, 0.373 0.095 3.254 
5y,/5n 1.64% 0.618% 0.719% 


This expression is similar to that of an equivalent simple beam (1) 


whose moment ot intertia I — 4 A, h*. The elastic line of such 
a beam can be expressed to a good degree of approximation by 2 sine- 
curves on either side of the maximum ordinate. The truth of this 
statement has been verified for a simple beam of constant moment of 
inertia loaded by a single load (P = 1 t) at multiples of 1/16th of the 
span. ‘Table (4) gives the deflections and errors for a single load in 
the quarter point. In this case, as in all other cases, the deviations of 
the sine-curves from the actual elastic line are very small. 


(zi) The Contributions 8,,: The deflection of the V. girder 


at a certain panel hee due to the bending moments is given by the 


iM, ds M, M, ds 


expression: 8), -f gt hoa a ha 


Fig. (7) shows the B.M.D. of the stat. det. hinged system. It can 
be split into separate B.M.Ds. as shown for panel (III). By equal 
chord stiffness, 


M, => Q,. Sand M, = = Q..A. (Fig. 7¢) 


For the virtual case of loading P| = 1 t, the corner moments 


for all panels to the left and to the right of m will be 


=F M,=;-Q,A 
Left of m: M. 2 1a, Rightofm: M, = +Q,.4 
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Fic. (8) shows the B.M.D. for the virtual loading P| = 1. 
The B.M.Ds. for panel (III) are shown separately in Fig. (8b). 
Similar to Fig. (7c), the equilibrium of the unit at m is shown 
in Fig. (8c). 

The corresponding contributions to 6,, are 


Q.Q.4 7.2 db | Ah 
Panel at A ar (T+st+ 7) 


Panel left of m OER 


Panel rightofm + gp 
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K is a coefficient varying from panel to panel but independent 
of the loading. 


This expression is similar to the deflections due to shear of an 
24 Hl 
equivalent beam II for which GA’ = Gee in each panel. In other 
words, the contribution of the bending moment to the deformations of 
the V. girder can be calculated from the deformations due to shear of 
an equivalent beam. 


As the number of panels in the V. girder increases the effect of 
the odd panels in the summation 8,, diminishes so that it can be 


written, to a good approximation, in the form 


Q, %X. 


Furthermore, by constant (r +8), the equivalent beam will have 
a constant cross-section. This is the case, for example, by a constant 
cross section of the chord members and constant cross section of all 
verticals. The deflection line of V. girder due to bending moments 
will be similar to the B.M.D. of the simple beam. For a single 
concentrated load at one of its panel-points thecorresponding deflection 
line will be a triangle. 


In order to investigate how far the previous assumptions are 
applicable to actual designs, reference has been made to the 
V. girder (I,). All cases of loading P =1 t at points 1,2, 3 and 4 have 
been investigated. The actual deflections are compared with those of 
the stat. det. hinged system. Furthermore, the latters are split into 
their contributions 8, and 6,, respectively. In this way, it has been 
possible to compare the 6,-elastic line of the V. girder with the 
sine-curves assumed for the deflection of the equivalent beam I, and 
the ,, -elastic line with the assumed triangular shape of the deflection 
due to shear of the equivalent beam I). 


Fig. (9) shows the deflection lines for a simple concentrated load 
at the center of the span. The actual deflections are shcwn by full 
straight lines while those referring to the assumption of mid-hinges 


ee ee 


are shown dotted. The two lines almost coincide. The maximum 
errors which occur at point (3) are indicated in the figure. The % age 
error in area is also given. 


Check_of the _assumptien 


of Mid- Henges 


3.17, 
b) e: 4-1, / 
em= 375, 


Esr 


¢c) 


e=4-4h 
Cm= 3537 
. E Sr. 
scale ef £9 of £3 bs t Jem 


Fis. 9 


Fig. (10a) shows the deflections By of the stat. det. V. girder in 


full lines. The dotted lines refer to the sine-curve deflections of the 
equivalent simple beam 1. The effect of variable moment of inertia is 
considered in the calculations of the maximum ordinate only. The 
small error indicated in the ordinate is due to the vertical members of 
the V. girder. The coincidence of the two lines justifies the proposed 
assumption, 
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On the other hand Fig. (10)) shows the deflections 6,, of the 
stat. det. V. girder. - The dotted lines refer to the triangular shape due 
to shear in the equivalent beam II. The, maximum ordinate is here 
the same as for the stat. det. V. girder. The triangular shape refers 
to an equivalent beam of constant effective area. The good coincidence 
justifies the proposed assumption. 
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Finally, the resultant deflections for a single concentrated load 
P = 1 t at the centre of the span are shown in Fig.(10c). The % age 
errors are indicated in every case. The results obtained for the other 
cases of panel-point loading have been found to agree fairly well with 
those obtained by the proposed assumptions. 


a 


In short, it is recommended, in working out the deflections, to 
replace the statically indeterminate Vierendeel girder by the statically 
determinate main system which is formed by introducing hinges in 
the mid-points of its members. The total deflections are partly due to 
normal forces and partly due to bending moments. Thus 6=8, + 84: 


Both contributions are of the same order. 


The values 8, follow the shape of the deflection line due to the 


bending moments of an equivalent beam. In most cases, the equiva- 
lent beam may be given a constant moment of inertia and the elastic 
line will be built up of 2 sine-curves. 


On the other hand, the values 5, will follow the shape of the 


deflection line due to shear of an equivalent simple beam. . In most 
cases, the effective area of the equivalent beam may be assumed 
constant so that the shape of the deflection line of the V. girder 
acquires the shape of the bending moment diagram of the actual load. 


CHAPTER I 


The Continuous Vierendeel Girder 


The continuous Vierendeel girder is a highly indeterminate struc- 
ture. Besides the internal indetermancy due to the rigid closed panels 
there is a number of external redundant reactions due to the 
continuity. | 


The solution of the continuous V. girder depends largely on the 
values and influence lines of the redundant reactions. The moments, 
normal forces and shearing forces of the system are functions of these 
reactions. In the case of equal chord stiffness, these functions are 
easily determined by the panel method. 


In order to investigate whether the continuous V. Girder gives 
the same redundant reactions as an equivalent continuous plate girder 
or truss, the 3 systems (Fig. 11) are treated hereafter. The total length 
of 32 ms. is divided into 2 equal spans. The plate girder 1s assumed 
to have a constant moment of inertia. Further more, all members of 
the truss are given the same cross section. A similar assumption is also 
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made for the V. girder. These assumptions are not quite jin 
conformity with practical designs; they serve the purpose of 
a comparative calculation. 


The redundant reactions are calculated for (i) a single concen- 
trated load P_ =1 tat the middle of the left span, and (ii) a uniformly 


distributed load p = t/m’ covering the whole length of the girder. 
The results obtained for the central redundant reaction in each case 
are shown in table (5). 


A study of these results shows that the reactions of the continuous 
plate girder do not vary much from those of the continuous truss. 
However, the values obtained for the 2 systems cannot be adopted for 
the continuous V. girder. The central reaction for a continuous 
V. girder is much less than the central reaction for a continuous 
plate girder or truss. 


TABLE 5 


Reactions R, FOR THE DIFFERENT SYSTEMS 


Case Continuous Continuous Continuous 


of loading V. Girder Truss Plate Girder 
0.557 t 0.681 t 0.688 t 
(QP een t 
ee nf — + 22.1% A aa Po 


bes ve 17.280 t 19.000 t 20.000 t 
ii) p =It/y e ~ 9.95 % | + 15.75% 


a 


It is, therefore, wrong to take the shearing force and bending 
moment diagrams of the continuous beam as being valid for the 
continuous V. girder. The decrease in the value of the central 
reaction in the case of the continuous V. girder has somehow a similar 
effect as an imaginary settlement of the central support of the 
continuous beam. 


Furthermore, the deflections of the V. girder are due to the effect 
of the moments and the normal forces. These 2 values are more or 
less of the same order. The question now is whether, by neglecting 
the effect of the moments or that of the normal forces in the deflec- 
tions, the redundant reactions of the continuous V. girder could be 
approximately determined. For this purpose, the central reaction of 
the continuous V. girder, (Fig. 11) bas been determined accordingly. 
The results are contained in table (6). They show that the values 
obtained for the redundant reaction, by considering the effect of the 
normal forces only, involve a big % age of error. They are nearly 
equal to the reactions of the plate girder (Fig. lle) but cannot be 
used as good approximation of the real values. 


« However, the values obtained by considering the bending moments 
only, include here a smaller Y%age of error than usual. This is rather 
misleading since the ratio 7 = il, of Fig. (11a) is relatively high. 


Consequently, the effect of normal forces is here very small compared 
with the effect of the bending moments. 


TABLE 6 
R, anp % ace Errors ror Cont. V. GIRDER Fia. (11) 


Case 0M ON 0 
: R, =— R= RaeasieeS 
d 
of loading b Pe b ae b 5, 

; eh 0.52 t free $549 TOEE yt 0.56t 
oat armen hs : —7.2% + 25% et 
(ii) tym’ 16.5¢t 20.15¢t 17.28¢t 
L =e oe ee rei a 

P © le pds op % +16.5 % = 


st OG ee. 


BOBS, 
In practice, the ratio is generally smaller than */,. Therefore, 


bigger % age errors will be encountered in determining the reactions if 
effect of the normal forces is neglected. This is, e.g., the case of the 
the cont. Y. girder (Fig. 12). Table (7} shows the reactions and 
bigger Y age errors for this girder. 


TABLE 7 


R, AND % AGE ERRORS FoR Cont. VY. GirpER Fig. (12) 


if 
Case R= Som Rm 2 5 on aba So 
f loadi “airy en, ere eens 
oO 0a ing b oom } b | SiN b ro 
hii 0.545 0.705 +t -0.630t 
rs ae — 413.5%. |), 412.0% — 
PAs | 32.832 | °40.448 37.204¢ 
a, Sa a See 48.65 % it 


In short, the effect of both normal forces and bending moments 
must be considered in the determination of the redundant reactions. 


It remains still to investigate the error in the assumption of 
replacing the continuous Y. girder by a continuous hinged system. 
For this reason, the continuous V. girder (Fig. 12) will be treated 
hereafter. The total length of 64ms. is divided into 2 equal spans. 
Furthermore, the height of the girder is taken 1/8 X 32 == 4ms. 


A comparison between the sections of the simply supported 
Vierendeel girder (Fig. 16) and those obtained for the continuous 
V. girder (Fig. 12) shows that the V. girder is less affected by 
continuity than the continuous plate girder or truss. 


The contributions of the normal forces and bending moments to 
the deflection of the simply supported Y. girder under a unit load 


P, = 1 t are shown in Fig. (13a). They have been obtained by virtual 


work from the normal forces and bending moments as found by the 
panel method. Fig. (134) shows the deflections of the hinged system 
in full lines; the dotted lines refer to the assumptions of the 


i DGS 


cine-curve and triangle of the equivalent beams respectively. The 
coincidence of the dotted lines and full linesin (Fig. 13 6) justifies the 
proposed assumptions. (Fig. 13) also shows that neither the effect 
of normal forces nor that of the bending moments can be neglected. 


Needless to say that the elastic line of the V. girder (Fig. 13a) 
and that of the hinged V. girder (Fig. 136) are almost identical. 
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Fie. 12.—Continuous V. Girder 
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Therefore, the influence lines of the reaction R, for the 2 systems 
are practically the same. Furthermore, this influence line can be 
obtained from the equivalent beams (Fig. 14). Only the maximum 
ordinates are here calculated. The part representing the effect of 
the normal forces is then replaced by a sine-curve while the part 
representing the effect of the bending moments is replaced by 
a triangle. The sum of the 2 gives the required influence line of 
the central reaction. 
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The errors involved in the different assumptions are contained in 
table(8). The % age error in the total area in every case is also given. 
All these errors are relatively very small; therefore, both assumpt- 
ions are permissible. 


However, it is not possible to replace the I.L. of the redundant 
reaction R, by the corresponding 1.L. of the reaction of continuous 
beam as found from the effect of bending moments only. This is 
readily noticed by comparing the relative values of the different deflection 
lines in (Fig. 13). Such an assumption gives almost a sine-curve, 
whereas the shape of the 1.L. (Fig. 14) is a superposition of 


a) Def of Red. V. birder. ° 4) Proposed Approximations. 
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Fia. 13.—Deflections of the V. Girder a-e 
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asine-curve and a triangle. Consequently, all errors will be here 
+ ve. How far these errors bear on the result depends on the ratio 
of (h/l.). The higher the girder with respect to its span the bigger 
as the error involved in this approximation. 
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Fig, 14.—I.L. of Central Reaction 


Furthermore, it is not allowed to replace the I.L. of the redundant 
reaction R, by the corresponding 1... of the reaction of a continuous 


beam as found from the effect of shearing forces only. Such an 
assumption leads to a nearly triangular shape. All errors will be 
(-ve). Their relative values depend on the ratio h / L. In the case 
of a shallow V. girder these errors will be considerable. 


The foregoing explains why the proposal of Edgar Lightfoot 
fails to give a good approximation of the deflections of the continuous 
V. girder. According to this proposal, the effect of the normal forces 
on the deflections of the V. girder is neglected altogether. The 
loaded chord is treated as a conjugate beam, Fig. (15), acted upon by 
the chord moments only. 
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The end moments of each chord member are not necessarily 
equal, so that the conjugate beam will have a certain elastic reaction. 
Besides, the deflections of the conjugate beam will not be the same as 
those of the actual V. girder. The involved errors in this assumption 
are shown in (Fig. 16a) where the I.Ls. of the central reaction are 
drawn. 


@) Stal. Indet. V.Girder (moments cn mt) 
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dt 
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Fic. i5.—Proposed Method of E. Lightfoot. 
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Fig. i6.— LI. Ls. of Rp for Cont. V. Girder (Pig. 12) 
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E. Lightfoot proposes a further approximation by referring to the 
stat. det. hinged system. Accordingly, the conjugate beam (Fig. 15d) 
will have no elastic reactions. Here again, the deflections of the 
conjugate beam differ considerably from those of the V. girder. The 
corresponding I.L. with the involved 9 age errors is shown in Fig. (160). 


A study of the results contained in Fig. (16) shows clearly that 
the proposals of E. Lightfoot to determine the I.L. of the redundant 
reactions by continuous V. girders represent a rough attempt which 
leads to relatively big errors. Besides neglecting the deformations due 
to normal forces entirely, the contribution of the moments in the 
vertical members are also omitted. 


Furthermore, in the case of constant chord stiffness, the influence 
line of the reaction R, found by the proposed method of EH. Lightfoot 
and the assumption of middle hinges, will be a triangle with a maxi- 
mum ordinate equal to unity at (b). This is nothing else but the 
influence line of R, for 2 separate spans. In other words, these 2 
assumptions together deprive the continuous V. girder with equal 
chord stiffness from any advantage of continuity. 


Influence Lines of Bending Moments and Normal Forces : 


Having determined the shape of the 1.L. of the central reaction 
Rp, it is now possible to determine the end moments in the different 
chord members and verticals of the continuous V. girder. A unit load 
is applied successively at the different panel-points and the correspond- 
ing end moments are determined by the panel method. The I.Ls. of 
the end moments of the chord members are shown in (Fig. 17). 


But the I.L. of the central reaction Ry, of the continuous V. girder 
is almost the same as that of the continuous hinged system (Fig. 14). 
Consequently, the end moments which are calculated by the panel 
method from the values of the central reaction of the continuous 
hinged system will be good approximations of the corresponding 
moments of the continuous V. girder. 
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The respective values of the end moments My; and M;_, are 
shown in table 9 (a and 6). They have been calculated by the parel 
method. However, the values of M, are found from the reaction R, 
of the continuous hinged system while the values M_ are found from 
the reaction of the continuous V, girder. The errors involved in the 
different ordinates are indicated. Moreover, the percentage errors in 
the +ve and —ve areas as well as in their algebraic sums are 
also given. 


The results given in table 9 (a and 6) show that the bending 
moment of the continuous V. girder with equal chord stiffness can be 
obtained to a good degree of approximation in the following way: 


1. Assume the continuous V. girder to be provided with hinges 
in the mid-points of the different members and determine the influence 
lines of the redundant reactions for this simplified system. 


2. Use the obtained I.Ls. for determining the end moments of 


the cont. V. girder by the panel method. 


The I.Ls. of the chord moments of the continuous V. girder 
shown in Fig. (17) are roughly similar to the influence lines of the 
shearing forces in a continuous beam. However, the chord moments 
of the continuous VY. girder cannot be calculated from the shearing 
force values of the continuous beam as if the points of contraflexure lie 
in the mid-points of the chord members. For the sake of demonstration 
the LLs. of the S.Fs. at the mid-points of the panels 4-5 and 5-6 


multiplied by * are shown dotted in (Fig. 17). They do not coincide 


with the actual influence lines of the chord moments of the continuous 
V. girder. 


The I.Ls. of the end moments for the verticals are shown in 
Fig. (18). They follow, more or less, the shape of the I.Ls. of the 
chord moments (Fig. 17). The main difference between the two lies 
in the drop from +ve to —ve. By the end moments of the verticals 
the drop extends over the 2 panels which lie on either side of the 
respective vertical. In the case of chord moments, however, the drop 
occurs in the corresponding panel only. 
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Fic. 17.—I.Ls. of End Moments in Chord Members. 
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Fria 19.—I.Ls. of Normal forces in Chord Members. 
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The first contribution, however, is similar to the effect of the 
bending moments in an equivalent continuous beam. Consequently, 
the corresponding deflection line. (Fig. 20a) will be similar to the 
I. L. (Fig. 20) of the reaction R, of a continuous beam. 


On the other hand the second contribution is similar to the effect _ 
of shear in an equivalent continuous beam. Therefore, the corres- 
ponding deflection line (Fig. 200) will be nearly a triangle extending 
over the 1st and 2nd spans only. This represents the I. L. proposed 
by E. Lightfoot for the redundant reaction R, of the continuous 
V. girder. 
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Fig. 20.—Continuous V. Girder over 3 Spans. 
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It follows that in the case of a continuous V. girder the resultant 
ordinates in the 3rd span will bear a relatively smaller ratio to the rest 
of the ordinates of the I.. L. R, than in the case of a continuous 
beam. Consequently, the V. girder over several spans will be less 
affected by continuity than a similar continuous beam. 


CoNCLUSIONS 


1. The stresses produced in the chord members of a V. girder 
are due to the normal forces and bending moments. These follow 
more or less the bending moments and shearing forces in an equivalent 
beam. For this reason, the cross-sectional areas of the chord members 
of the V. girder will not experience the same big changes which are 
encountered in the flanges or chords of a similar plate girder or truss. 


2. The deflection 8 of the V. girder is partly due to the contri- 
bution “6,” of the normal forces and partly due to the contribution 
“6,” of the bending moments. Thus 8 — 8, + 6, Both contri- 
butions are more or less of the same order so that neither of them 
can be neglected. The ratio between the 2 values depends on the 
dimensions of the V. girder and especially on the ratio between the 
height and the span. The higher the girder w.r.t. its span the smaller 
is the effect 5, of the normal forces. 


3. A plate girder, a truss anda V. girder, designed for the same 
span and loading, will have different deflections which bear roughly 
the ratios 1: 0.8: 0.6 respectively. 


4, The position of the points of contraflexure in the different 
members of the V. girder depends on the case of loading as well as 
on the relative stiffness of the members. For this reason, the proposal 
of Saliger is not practical. 


5. The deflections of the internally indeterminate V. girder are 
almost the same as those of the stat. det. main system formed by 
introducing hinges in the mid-points of the different members. The 
coincidence between the 2 values is so good that it renders the deter- 
mination of the accurate values practically unnecessary. 
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6. The contributions 8, of the normal forces to the deflections 
of the V. girder can be obtained from the deflections due to bending 
moments of an equivalent beam of variable moment of inertia I, = 

h? 
e Oye 


of a sine-curve. 


A The corresponding elastic line acquires very nearly the shape 


On the other hand the contributions 6,, of the bending moments 


to the deflections of the V. girder can be found from the deflections 

due to shearing forces of an equivalent beam of variable effective area 
Re 8 Le 

aubae ak 


shape of the bending moment diagram of a simple beam under the 


The corresponding elastic line acquires very nearly the 


same external loading. 


. Owing to the flexibility of the V. girder w.r.t. a truss or a plate 
on the redundant reactions of the continuous V. girder will be 
relatively smaller than those of a continuous truss or plate girder. 


8. In determining the redundant reactions of a continuous V. 
girder it is necessary to include the effect of both normal forces and 
moments on the deflections. More or less, considerable errors ‘are 
involved in the values of the redundant reactions determined by 
neglecting any of the 2 effects. 


For this reason, it is not correct to use the reactions obtained for 
a continuous beam in the design of a similar continuous V. girder. 
This is also the reason why the proposed method of Edgar Lightfoot 


goes wrong, 


9. The redundant reactions of the continuous V. girder are dubia 
equal to the reactions of the continuous hinged system. This is 
obviously due to the fact that both systems have almost equal 
deflections, This is true for concentrated as well as for distributed 
loads. 


10. The redundant reactions of the continuous Mi girder can be 
also obtained by reference to the equivalent beams mentioned under (6). 


SetAc 


11. Having found the redundant reactions of the continuous Ve 
girder from the corresponding values of the hinged system, the bending 
moments and subsequenty the normal forces in the different members 
can be readily found by the panel-method. In this way, the corres- 
ponding influence lines can be determined. 


This proposed procedure simplifies considerably the design of the 
continuous Vierendeel girder. It becomes more and more advantageous 


as the number of spans increases. 
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THE ENERGY LOSS IN SOME 


IRRIGATION WORKS 
BY 
Prof. Dr. A. KHAFAGI, Dr. Sc. Tech. E. T. H, Zurich* 
AND 
ADEL M. KAMEL, M. Sc. Engineering. 


INTRODUCTION 


It is obvious that the most economical system of irrigotion, 
is that in which no puming of water is used. It is called the “ Free 
irrigation’ system. 


In flat countries, such as Egypt, the application of this system 
requires a great care to keep the water levels, in the water distributing 
canals, always higher than the cultivated land levels. It is the duty 
of the hydraulic engineer in general and the irrigation engineer in 
particular, therefor, to minimise the loss in head along the canal as 
well as in the distributing work. 


The velocity in the canal downstream of the structure is relatively 
small, and the flow is more or less streaming. The shooting flow 
leaving the discharge side of the structure meets the slow stream 
and a “hydraulic jump”’ is then formed, 


It is clear, that, if a hydraulic jump is produced downstream 
a work, the major part of the energy loss takes place in the jump. 
‘For this reason the study will be concentrated in the jump in which 
the energy is lost and how this loss could be improved. 


The most important types of water distributiong works, are the 


weirs, sluices, pipes and Venturi-flumes. 


(*) The authors are, Professor of irrigation and assistant lecturer respectively at the Faculty 
of Engineering, University of Cairo. 
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It was more convinient to begin with the study of the energy 
loss in the Venturi-flume in which the flow is “ three-dimensional ”. 
Applications of the results could then be easily made for the other 
irrigation works, where the flow is “two-dimensional” only. 


DIRECTION OF FLOW. 


ES $e 


Long. sec tn @ Sluice gate with hump. 


Fie. 2 


The study of the problem, required an accurate measurement 
of the velocities and pressures in the direction of the stream lines. 


The plane between the moving water at the jump, and the rolling 
water (the roller) for different discharges and different types of 
Venturi-flumes was determined. The shear stresses at that plane were 


accurately calculated. 


These measurements and calculations were used in determining 
the different forces acting on the flow at the position of the jump 
. (Fig. 3). The amounts and directions of these forces and their 
conditions of equilibrium lead to the interesting result. that, if the 
bed under the jump is given an npward slope in the direction of 
flow forming a hump, the energy loss in the jump and consequently 
in the irrigation work itself will be reduced to a great extent. 


CHAPTER I 
The Energy Loss in the Jump 


It is obvious that the loss of energy which is lost partly in the 
rotation of the roller and partly in the formation of the eddies, is 
drawn continuously from the energy of the live water. The transfer 
of the energy from the “live water” to the “eddying dead water” 
takes place through the mechanism of. momentum transfer creating 
shearing stresses between both layers. In other words the energy 
loss in the jump depends to a great extent on those created shearing 
stresses. In order to minimise the energy loss in the jump a trial 
for reducing the shear stresses will be necessary. 

Since the amount of the shearing forces depend on the amount 
and direction of all forces acting on a vertical strip across the jump 
(Fig. 3), the evaluation of those forces and the conditons of their 
equilibiium must be first determined. 

1. The condition of equilibrium of the forces acting on a strip 
across the jump : 

Applying the momentum theorem, the horizontal component of 
the forces acting upon the fluid within the control surface enclosing 
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the live water for any given strip (Fig. 3), will be related by the 
following equations : | , 
(a) P, —P,+E,+E,+E,—F,/—F,+R | 
=M,—M, (Fig. 3 a) 
Om —P,+E,—F,—F, +R 
=M,—M, (Fig. 3 6) 


oe 


(c) P, —P,—E, + E,¢ F,~F,/—E, + R 
== Miu, (Fig. 3 c) j 


in which 


1. The pressure forces P, and ae 


Pp : 
Taking ee =f “) — the mean pressure head of the live water 


at any vertical section, s =the height of the “ eddying dead water” 
at the considered section excluding the air bubbles, then the pressure 
distribution diagram in the live water take the shape shown in (Fig. 4). 


ws. with — air 


SFR 
Then, P — ei) MO + Ss ee «sy eae 


assuming that (E) occurs at from the bed, and 


putting (= —} Hig DT gh ght ma a : (3) 
| 2 h 
then | D = (= st zy a 8 
or (~) — D— = Gone 
h 
therefore P == De —s)h-+sh 
apineney oft cost ead yeLaieed) galbylom selves boahlaieeamals 


2. The horizontal components E, and E, 


Nie (bh, +s, )b, + (hy + 82) by 


Eq, = : 


x | tani, (5) 


Taking “B” defined as the ratio of the actual pressure to the 
hydrostatic pressure, then, | 
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Subistituting this value in equation (3) we get, 


p=(~+42) +s=Bh+sors=D—Bh (6) 


wilt SO wit 
Substituting this value of “‘s”’ in equation (5) for “ E,” we get: 
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=F [a + D, — 8 b,) b, +h, + D, | 


| 


wml aued hie |} tan i, = = *4[p, oath —1)h, ac 


ae 


b, +[D, — (B, ~ 1) h, | b, {I tan i, | 


Bit By Deny 1 
and, i eo > tani, ei 
me CS 


oo [(D,— B h,) b, + (D,—B, h,) b, | tan i, | 


3 The hroizontal components EB. and F, 


The horizontal component of the shearing force (between the live 
stream and the roller) is: 


t, (b, — b,) : (b, -— by) 
i= : leos i= 1 meer at ier 
cos i, 8 cae 


3, The horizontal component of the friction force at the bed and 
sides of the channel F, is: 


ye te COR tus 
where 1 = shear stress at the solid boundary, 


A =the area of the live water with the solid boundaries. 


Putting 1 => Pp, v fx Acosi, . } ‘ j ‘ (9) 


2¢ 


and using the Chezy’s formula C = za) 


ie OB sas 


where © —Cheyz’s coefficient — 60 (in our case). 
2g | 
Then 60 = {/ ¢ orf, = 0.0054. 
ie b 


4, The Momenta M, and M, 


The momentum m v= _ v_, will be multiplied by a coefficient 
a’ where, 


v? dh 

gts — | where, 
Boots , 

m 


v_, is the horizontal component of the actual mean velocity 


V qe Vo = vv. wee 
m m m m 


5. The horizontal force E. 


It is a known fact that with curved stream lines the pressure 
distribution will deviate from the usual hydrostaticone. With concave 
stream lines as for the case of the live water within the jump, the total 
pressure along the bed will be higher than its hydrostatic value. 
This force can be estimated with the help of the pressure distribution 
diagrams obtained for traverses 1-1 and 2-2. Taking the dynamic 


pressure at the bed as | ae) and ( oy at traverses 1 and 2 
Cc Cc 9 i ‘ 
respectively, (Fig. 5), then the avarge value will be, 


(az), -3[18%),- (82),]. 


2 
The total dynamic force acting upon the fluid can be put as: 


ia A | 
Ryitc at (S*),, Pe 


where, ] = horizontal distance betweén traversses 1 and 2 
b, and b, = breadth of channel. 


The horizontal component of this force, EK, which counts for the 
effect of the curvature and inclination of the stream lines is : 


tL fae AP Solent: 
Fr [(2) 4+ (8) 2 oy ini 
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6. The horizontal component of the reaction of the two diverging 
sides upon the water within the control surface considered, (FR): 


hy h; 
R=y[(0, hy —*| +(D, h, — 2 ) [iran e (11) 


_.The shearing forces at the plane between the live stream and the 
eddying dead water (the roller) can be obtained from equations (1) 
as follows: 


(a) F,=(M,+P,+E,+E,+3E,+R)—(M,+P,+F,) 
(6) y= (M, + P, + E,+0+0+4R)—(M,+P,+F,) } (1) 
(c) F,=(M, + P, +E,—E,—E,+R)—(M,+P,+F)) | 


+ 


Comparing the above. values of F, obtained from the above: three 
equations, we find that the values heel from equation “c” which 
corresponds to the case of the hump has the least value. . 


This. means that, if the bed sesither the tess is pay: an upward. 
slope in the direction of flow forming a hump, the loss in HEAD tn 
the jump will be greatly reduced, which is the “key” of this 
presented work. 


It was more convinient to begin with the stucy of the case of the 
Venturi-flume in which the flow is “ three dimensional”. Applica- 
tions of the results were made for another irrigation work where the 
flow was “ two-dimensional’’ 


The shear stresses were-calculated once for the flume with 
horizontal bed and once for the flume with a hump (slope 1: 10), 
according to equations b and c. Comparing the values of these shear 
stresses for both cases one can easily notice, that the shearing stresses 
for the case of the hump are realy smaller than those for the case of 
the horizontal bed. Calculating the Energy losses in both cases from 
the simple equation A Z, =H, — H, , we found that the small loss in 
Head corresponds to the sath shearing stresses, which realises the idea 
of the writer for minimising the loss in head by using a hump D.S. 
the irrigation work. 


As the shearing forces are affected by the hump, the path of the 
energy line must consequently be affected. It will be interesting here, 
to explain this effect. 


2. Effect of the hump on the path of the energy line: 


The energy line is that passing through the points of the total 
energy head in successive sections along the flume. Formulating this 
definition mathematically for two successive sections (Fig. 6), we ae 

The total energy head at scction 1,, 


2 


t : Vv F } 
H,= (? a a), + Se cee, iN dace i, 1 (fork horizontal teas. 
y; ml Z ge 


a? 

pfload3. "xpi ver 
H=(5+2),, si Spade Fy 1 Dg ! sec” i Det ethatnbs 
and the total energy head at section II: 
2 
HH) <eo{ Heres Ziht seatiggo s62 for horizontal bed 
at aah Male ay sec” i mo (tor horizontal bed). 

g 


2 
a % + Z, 4+- + Vin2 ane f h 
2a ike: ty, + a, Qe sec” 19 (for thei ump). 


where: y = the height of the sloping bed above the horizontal bed at 
‘ the considered section. 


hori splat bed 
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Comparing each pair of the energy lines (horizontal hed and 
hump), one can notice, that the energy line corresponding to the flume 
with hump is flater than that with horizontal bed. 


Z.) h 
] 


(A LZ.) ; 


wel, =p Weal is less than 


sss SAE ok 
where: (A Z_), is the loss in head along a strip 1 for the flume 
with hump. | 
and (A Z,), is the loss in head along the same strip for the flume 
with horizontal bed. i ; | | apne 


It is also clear from the different figures that the total loss in head, 
for the case of hump, (= 4 Z,), is less than that for the case of 
horizontal floor, (= A Z,),. 


Going through the details, we find that the path of the energy 
line in the Venturi-flume and consequently the total energy loss in 
the jump is affected by many factors namely, the throat ratio, the 
degree of divergence of the downstream sides, and the upward bed 
slope under the Jump. 


Experiments have shown that the 1* two factors are of minor 
order while the third one namely, the slope of the bed has the 24 main 
effect on the energy loss in the jump. 


For this reason the writer will concentrate on the study of the 
effect of the bed slope on the energy loss, 


CHAPTER I 
Applied Study of the Problem 


§ 1.—InrropvucTIOoN 


From the above theoretical treatment, we come to the result, that 
by giving the bed below the jump an upward slope in the direction 
of flow, the energy loss will be reduced. We want here to show how 
this reduction is physically produced. | 


A hydraulic jump is, so to speak, a transition phenomenon 
between two distinct types of flow ie, shooting’ and streaming, 
through which the flow changes gradually from its low level toa high 
level, and can never be expected to be sudden, otherwise the Jump 
would form a vertical rise in the water surface, which is absurd. 
The low and high levels upstream and downstream of the Jump 


= 59 — 


necessitates that water will flow under gravity backwards towards the 
shooting stream forming what is usualy referred to as the roller 
or dead water. | | 


It was explained before that the shear stresses, between live and 
dead water, which are responsible of the head loss in the jump are 
directly dependant on the weight of the roller itself. If it could be 
possible to reduce the weight of the roller the shear stresses and 
consequently the loss in head would certainly be reduced. This could 
be reached, if the live stream is gradually elevated in such a way that 
only a smaller quantity of water is allowed to fall backwards on its 
surface forming a small roller, and hence the weight of the dead 
water will be less (Fig 7). The produced shear stresses and conse- 
quently the energy loss will be smaller than that for the flume with 
horizontal bed. 


§ 2.—Typgs or FLow CausED BY THE Hump 


Remark: “(In all experiments carried out in this work, the 
downstream was raised up to a level allowing the flow to be the limit 
between the free and drowned conditions, in order to get the 
mnximum submergence). 


(a) Description of the tupes of flow: 


In Venturi-fAlumes with horizontal bed, one jump only is produced 
‘n the downstream for each discharge. In Venturi-flumes with hump, 
however, the cases will be different. Sometimes one jump is produced 
and sometimes 2 jumps are possible, depending on the commanding 
head in the upstream. 


For example we consider the case of a flume with a throat 
ratio —- 0.5 and divergence — 1.6 and a slope of bump = 1:10 For 
a discharge = 30.0 lit./sec., giving a water depth in the upstream 
__ 99.34 cm. only one jump is produced, Reducing the discharge and 
consequently the upstream depth, the jump will be divided into two 
jumps meeting at a point. For further reduction the two jumps 
separate, one belongs to the Venturi-flume while the other takes place 


cae: aon 


at thé end ofthe hump, which actsas a weir. Reducing the upstream 
depth more and more the jump belonging to the flume sever 
while that downsiream the hump remains acting. ; 0 


OSWL. 


Big jump. 


Small jump 
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It has been found that for each slope of hump (¥) (Fig. 2) 


there are two oe discharges ; 


1. The upper limit (a): 


Is that which produces one jump on the hump. If this discharge 
is increased, we obtain still one jump. On the other hand if it is 
decreased the jump begins to separate forming two jumps (Fig. 8) 


2. The lower limit (6): 


For further reduction of the discharge the jump in the downstream 
of the hump remains in place, while that over the hump diminishes 
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gradually till it disappears. At that moment the passing discharge 
represents the lower limit (b). 


A good illustration for these types of flow caused by the hump 


is that shown in (Fig. 9). In this figure the relation between (t) 
y for the upper and lower limits mentioned before, are plotted. 
The area below the “ upper limit” (a) concerns one jump on the hump, .. 
that above the curve of the “lower limit (b)”’ concerns one jump 
downstream the hump, acting as a weir and the enclosed area between 
both curves concerns two jumps one on hump and the other 
in its downstream. ‘ 


and ( 


ene pump es humm 
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It was interesting to notice that just below the upper limiting 
discharge and before the two jumps are completely formed, an undular 
jump with a wavy water surface in the downstream is formed. This 
state appears as a transition region between the case of one Jump and 
that of two jumps. 


NEN 
(b) Behavior of the total enargy loss for each type of flow: 


The total energy loss for each discharge passing through each 
flume was calculated, (the difference between the total energy head 
in the upstream and that in the downstream of the whole structure). 

The flumes used had the following characteristics :— 


1. Flume with hroat ratio 0.5 and side divergence 1: 6 


2. ” ” ” Fen Sia ies. 4 ” 1:10 
Soe yy ” ” ” 0.4 5, + ” Deane 
4, ” ” ” sss ems sd ” 1:10 


The bed of these flumes was horizontal. These flumes were 
used ogain after three defferent humps were suecessively introduced 
to each one of them. The maximum height of the humps were 
ranging between 3.5 and 9.0 cms. » 


The calculated values of the total energy loss (£4 Z,) were 
plotted against the measured discharge Q, for each flume and were 
plotted in (Ftg. 10 to 12). Hach figure represents a set of curves 
corresponding to ene of the used flumes. Lach set consists of four 
curves. Qne of them belongs to the horizontal bed while the three 
others belong to the three humps ranging between (3.5 and 9.0 cms.) 


In each figure, it can be noticed that the energy. loss (= 4 Z,) 
for the gradually raised bed is always less than that for the horizontal 
bed whatever the slope is and whatever the type of flow may be. 


The part of the curve “d-a” represents the flow forming one 
jump over the hump, ‘‘o-b” represents the flow giving one jump in 
the downstream of the hump; while “b-c”’, represents the flow 
forming two jumps, one on the hump and the other in its downstream. 
The part of the curve “‘c-a”, is the region within which an undular 
jump with a wavy downstream surface takes place. It can be 
considered as a transition state of flow. 


The points’ a and 0} indicate the position of the upper and 
lower limits, respectively ($1). Going back to the sets of curves 
shown in (Figs. 10 to 12), it can be noticed, that the total energy 
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loss is small for higher humps. In other words a hump with 
a maximum height = 9.0 cms. is more effective than that with 
a smaller maximum height. 


On the other hand, the flume with a high hump has the 
disadvantage that it works as a Venturi-flume for high discharges 
only, i.e. its function will be limited for the region of high 
discharges. For low discharges, however, between the upper limit 
“a” and the lower limit “5”, one of the produced two jumps takes 
place downstream the hump and causes scour to the bed of the channel. 
For small discharges, below limit “5”, the structure will no more be 
a Venture-flume. It will act just asa weir. 


If the height of the hump is reduced we get bigger loss in head, 
but the region of functioning of the flume as a Venturiflume will be 
wider and the upper limit will be shifted from (a) to (a). For 
further reduction of the height, (a’) will be shifted to (a’) (Fig. 13). 


From this discussion, one comes to the conclusion that the flumes 
with high humps are more effective concerning the loss in head, but 
they have the disadvantage of being in function for high discharges 
only. On the other hand, the flumes with low humps cause bigger 
loss in head but they have a wider range of functioning as 
Venturi-flumes. 


Therefore, it will be interesting and important, here to find out 
which height of hump is therefore the most convenient and more 
effective. 


§ 3.—Tue Enercy Loss as a FuncTion 


oF THE HriGuHt or Hump 


The height of hump cannot ‘be taken as a measure for its 
convenience, simply because the height of any given bump (y) can be 
considered high, if the water depth in the upstream h, is comparatively 
small, and on the contrary, it is considered low, if the water depth is 
comparatively big. For this reason the dimensionless ratio (y/h,) 


will be the right factor used for the comparison between the effect of 


MT oe 


the different humps on the energy loss instead of using the height “y”. 

Similarly, the total energy for each hump (by a given discharge) 

(= 4 Z_), will be compared with that of the flume with horizontal 
(T4Z.), 

bed (= A Z_), through the dimensionless ratio EAL), ; 


(= AZ) 
Plotting the different values of the efficiency (EAT). against 
“e/h 


the ratio (y/h,) for different discharges, we get the curves shown in 
(Fig. 14). Each one of them belongs to one of the used four Venturi- 
flumes and represents the avarage values for the three humps ranging 
between (3.5 and 9.0 cms.). These curves show clearly that by raising 
the bed of the fume under the jump forming a hump, the energy loss 
is very much reduced. The reduction ranges between 48 and 60 % of 
the loss in the flume with horizontal bed. In other words the mini- 

(£4 Z,) 


i 
mum vaJue of —— 


varies between 0.4 and 0.52. 
(2 om Zo, 


Comparing the curves with each other we find, that the flume 
with the throat ratio 0.5 and side divergence 1 : 10 is the most efficient 
(= a Z.); 


one because it possesses the least minimum value of -_—-- - This 
(2 = Ln 


is to be expected because the energy loss in general is less for 
flumes with flater side divergonce. 


Comparing now curve No.1 belonging to flume with threat ratio 
0.5 and side divergence 1:10 with curve No. 2 belonging to flume 
with throat ratio 0.4 and side divergence 1:10 we find that the latter 
is more convenient because it is flater within a comparatively large 
re 8 : (2 & Z.); 
zone about the position of the minimum ratio ->~ 7 
(2 AZ,), 


(2 AZ); 


Sinee the difference in the minimum values of 7>——~7) 
| (ZAZ), 


(of curves 1 and 2) is small, we come to the result that flume 2 with 
throat ratio 0.4 will be the most convenient one. The minimum 


= B= 
(SH2): 


values of ~= for the different flumes corresponds to values 


(ZA Ne, 


y 
of A between 0.26 and 0.38 (Fig. 14). 
1 


4. Design of the most efficient flume: 


Figure 14, shows that the efficient flume is that which produces 

=a Z,); 
(FL hs 
ratio and that of the side divergence were neglected because their Bi 
was of minor order compared with that of the hump. 


the least value of -— In that figure the effect of the throat 


Ke. BZe) 


ea aze), 
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Since we intend, here, to design the most efficient flume, the effect 
of the throat ratio and that of the side divergence on the energy loss 
had to beintroduced. For this reason, the ratio (y/h,) was improved 


by introducing these effects (by elimination). The modified form 


5 (= a Z.); 
of (y/b,) became (y ; s?/by ; Bn ; and that of the ratio (Fer. 


(= pe 7, ok S88 


sea Ps (Za ZL), ay maa 


The modified curves which are going to be used in the design of 
the most efficient flume were drawn in (Figs. 15. and 16) instead 
of those shown in (Figs. 9 and 14). The curve (ys®*/h, n®%!% 
against (y/l) represents, as explained before, the limit between. the 
region of one jump on hump and that of the two jumps. 


If the maximum gain of energy is required, the design must be 
carried out for the region of one jump on hump. That is because 
the rate of change of tha energy loss (2 A Z,) with respect to Q, for 
the region of one jump, is less than that for the region of 2 jumps, 
as represented by the slops of curve ‘“‘a-d”’ and curve ‘“c-b” 
respectively (Fig. 13). 


Regron of 2re ee 
Reguerret 2 sumes: 


01 
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For the region of one jump on hump the relation between 


yew Ab 0.55 
a ae x ae and (y/h,) was given in (Fig. 16). Fortunately the 
e/h 


S = the throat ratio. 
n — the side divergence. 


= O70 = 


AZ). 0.55 
zone about . aT} x = min. is flat, so that any value of 


(y/h,) within that zone gives more or less the same effect on the 
energy loss. 


Procedure of desijn: 


Generally, the form of the flume (especially the throat ratio “5” 
and side divergence “n’’), as well as the discharge, will be given. In 
this case the corresponding water depth in the upstream h, can be 


approximately determined for the preliminary design. Required will 
be the dimensions of the hump which gives the least loss in head for 
the region of one jump on hump Le., “y ” and “1”. For this purpose 
the two curves (Figs. 15and 16) will be used. From (Fig. 16), the ratio 
rans nbiylieZa), Shes } 
(y/h,) corresponding to (SA ate "08 = 0.3 willbechosen. Since 


0.5 
introduced in the ratio ( cor Making use of (Fig. 15), (y/) 
n 
1 


y 8° 5 
corresponding to the obtained values of (= 


ai) will be determined. 


from which, the length of the hump “1” is obtained. 


Practically speaking, the Venturi-flume will not be designed to 
pass a certain constant dischage. On the contrary different discharges 
ranging between a given minimum and maximum values have to pass 
through. The design must therefore be convenient for the whole 
range and not limited for a certain discharge. 


Now, a question arises, : which discharge will be chosen as a basis 
for the design? In other words which upstream depth “h,” is to be 
introduced in the ratio (y/h,). in order to give the required height of 
hump hy atid length ? ak ae Os 


If the maximum “h, ) corresponding to max. “Q”’, is introduced, 
therefore y = 0.3 (h,) 


e 
max. 


~~ 


0.5 
y ha TY: o? Dax. 0.3 re 


h no 106 h 2-106 10106 


1 Imax. 


and 


and the corresponding (y/1) from (Fig. 15), is obtained, from which 
“1” ig determined. Thus the dimensions of the hump “y” and “1” for 
the maximum discharge are fixed up. For example for s = 0.4 and 


= | fo ye Bees you 0.8 X0.682 
n = 0.1, (y/h,) being equal to 0.3 (Fig. 16) ; f, n0106 ™~ "0.788 


— 0,243, From curve (Fig. 15); the corresponding (y/l) = 0.05. 


If now a smaller discharge than “Q_ ” passes, the corresponding 


y 8 0.5 
‘“ h, Mil also be smaller thau fb) ce. with the result that (;- oi) 
will be bigger. But since the ratio (y/l) is fixed by 0.05, the point 


0.5 
having the ordinates (y/l) = 0.05 and (eee > 0.243 lies above 
1 
the curve and falling in the region of the two jumps, which was 
excluded for the most efficient hump. (Fig. 15). 


This shows tat we should not design for the maximum discharge, 
otherwise the so-designed hump will be efficient for the maximum 
discharge only. For this reason we are going to try the use of the 
minimum discharge as basis. In this cases the discharge passing will 
be more than “Q_. ” and the corresponding h, will be more than 


0.5 
(b,) nin Lhe ratio aa will be less than 0.243 and the point 
1 


giving (y/l) = 0.05 lies below the limiting curve and falls in the region 
of the one jump, which is recommended. 


Although the ratio (y/1) remains the same for all discharges yet 
the ratio (y/h,) varies with the upstream depth “h, ”. for discharges 


more than “Q _. 


min, » (Y/h,) decreases and moves on the curve (Fig. 16) 


towards the origin 0, begining from (y/h,) = 0.3. The rate of charge 


se 5 1 ere 


me's AL). an, 
sau ea VAR Ee: 3 With respect to (y/h,) Pee to be of a major 


order after sitet — 0.2, giving a small range for (y/h,) to oscilate 


between 0.5 and 0.2 with the result that a the big discharge (y/h,) 


AZ) ae 
will be less than 0.2 giving a big value ots AZ.), x= rey 


n 


and conse- 


quently a big loss in head, 


In order to let big discharges to pass with small energy losses the 
range within which (y/h, ) oscilates must be widened. This is reached 
to by shifting the chosen value of (y/h,) from 0.5 to the upper limit 
of the flat portion of the curve which seems to be equal to 0.4 
approximately. The range in this case will be between 0.4 and 0.2 
instead of being between 0.3 and 0.2, allowing the hump to be efficient 


for a wide range of discharges. 


Solved Example: 


A Venturi-flume of the type shown in (Fig. 87), is constructed 
along a rectangular channel, the maximum discharge of which is 5.35 


m°/sec . and minimum dischage is 2.0 m°/sec. Its breadth — 3.0 
ms., and throat breadth == 1.20 ms. Side walls divergence 1:8. | 


If the corresponding upstream depths “h, ” are 1.05 and 1.13 ms. 
respectively, it is required to design the most efficient hump. For the 


most effiicient hump the ratio y/ (h,).;,, = 0-4 (Fig. 16). 


min, 


16. 2 y/TANS = 0A 1. y == 0.45 ms. 


and ass <= 0.4 +, gf = 0.633 


ee 


To determine the length of hump (1) we substitute in the equation 


0.5 
8 : 
0s 0.2 — 0.093 (y/1) (Fig. 15). 
] 
0.316 = 0.2 — 0.093 (y/1) 
from which y/] = 0.125 .. 1 == 3.00 Ms. 


From the maximum discharge, 


y/h, Twa sy 


b, by ( ) geet pide eile 
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Hence the hump is efficient for different discharges ranging 
between the values of Q ,. and Q._... corresponding to y/h, = 0.2 
and 0.4 respectively. 


max 


CHAPTER III 
Measurement of any Discharge Passing Through 
the Venturi-Flume with Hump 


1.—EquatTion oF DiscHARGE 


After the most efficient Venturi-flume is designed and constructed, 


it will be important to know how any discharge passing through the 
flume is measured. 


The known equations for computing the discharge through flumes 
with horizontal bed cannot be used here, without introducing the effect 
of the hump. Fora given upstream water depth h,, if the correspond- 
ing discharge through the flume with horizontal bed = Q, and 


that through the flume with hump = Q,, then the ratio Q, /Q,, repre- 
sents the effect of the hump on the discharge. 

For different values of “h,” the corresponding values of Q, and 
Q, were obtained from the calibration curves. These curves were 


constructed for different flumes and different humps. The value of 
the ratio Q./Q, were plotted against (y/h,) giving the curve shown 


in (Fig. 18). In (§ 4 Chapter II) we have shown that the ratio 
(y /h,) for the most efficient flume ranges between 0.2 and 0.4. 
Fortunately, all points of the curve (Q,/Q,) against (y/h,,) (Fig. 18), 


within this range fall about a very flat curve which can be considered 
as a straight line giving the simple equation: 
Q,/Q, = 1.0 — 0.20 (y/h,). : : mane 6 
If the Venturi-flume with hump is used as a measuring device, the 
upstream depth h, will be given (by measuring the bed and water 
levels). In order to calculate the discharge “Q,” (from equation 14) ; 
- Q,” for the same upstream depth . he must first be determined. 
The determination of “Q,” follows according to the equation 


obtained by A. Khafagi (7), in his work ‘ Der Venturi-kanal (Theorie 
und Anwendung)”. The advantage of this equation is that the eflect 


Fig. 18 


of the shape of the enterance, exit walls as well as throat ratio was 
taken into consideration. He proved in the threoretical treatment 
leading to that equation that, in case of curved streamline flow, the 
critical depth is not a vertical depth, but a curve which passes by all 
points where the velocity is equal to the critical velocity. This curve 
is a curve with equal (p/y + Z) and perpendicular to the streamlines. 


ee, ae 


It describes (for the case of the Venturi-flume with horizontal bed) a 
parabola. It was found that this curve intersects the bed at fg: 
beginning of the throat (Fig. 17). 


On these basis, if the depth of water in the upstream “h,”’ is 


given (by measuring the bed and water levels), the discharge “ ay 
can be calculated according to the following procedure : 


10.148 #8 2h PO ee eee 
ie es Oe ee a 
3. bh, —043H — 073th, 


4a —VLi + (2.93t 2140) — to ) 


(a = parameter of the critical curve) 


EE 1 
5.1, = 14af2ab, 1 + 4a’ by + log, | 2ab, | 
9) 
+1 + 407 bh? ]} tt 
where (1, = length of the critical curve) 
6. Q, = 2.295 b, Yt b,.1, . : ; ‘ (20) 


All notations are shown in (Fig. 17). Equation (20) giving the 
discharge passing through the flume with horizontal bed for the given 
upstream depth h, was derived as follows : 


Qe FL TE eee ae ee 


Vv, = critical velocity, 1, = length of critical curve and 


by — width of throat. 


2 


On the other hand : = H —h, =H—0.730 — H (1—0.73) 
g | 


therefore ; v,/2 go 027: 


AT ce 

but ; H = th, therefore ; v, /2g—= 0.27 th, 

or v= Joo x VO Prths at as ; : : (22) 
Q,= Ve VOR th bys by 

therefore Q, = 2.295 b, vith, X 1, (Equ. 20). 


The advantage of this equation is that it contains the effect of the 
shape of the flume as well as the effect of the curvature of the stream- 
lines. In the same time it does not contain any coefficient of discharge 
which is generally a source of trouble for the designer, because it is 
variable. Equation (20) gives therefore the calculated discharge 


Quneoretical == the actual discharge Quo, tC: the coefficient of discharge 


Quheo./ Qact, CUUAls always unity. 

Coming back to equation (14); the required discharge passing 
through the flume with hump, corresponding to the given upstream 
water depth “h,” can be easily determined after substituting the 


values of “Q,” from equation (20). 


2. Solved Example 2: 


In the solved example (1), the most efficient hump was designed 
for a given flume and a given range of discharges. Here, assuming 
that this designed flume is constructed for the purpose of measuring 
the discharge, it will be required to calculate the discharge Q, , passing 


at any time, corresponding to any measured upstream water depth 
“h,”, Using now the same flume designed in example (1) and given 


in (Fig. 17), calculate the discharge Q. for a given h, = 1.6. 


Steps of the calculation: 
Using the equation Q, /Q, = 1.0 — 0.2 (y/h,) ... (Equ. 14). 


where  Q, = discharge of the flume with hump corresponding to 


upstream depth “h,”. 


cn SZ 


Q= discharge of the horizontal flume corresponding to the 


same upstream depth “h,”. 


In the above equation both y and h, are known (y = 0.45 and 
h, = 1.60 ms.). To determine “Q.”’, it is required therefore to 


calculate “Q, ,,. 


Calculation of “ Q oe 


Refering to equations (15, 16, 17, 18, 19 and 20) (Fig. 70), 
we get 


Loi 4S poh iftent sty Ioce 0 
ass — 0.4 _+, s7 = 0.16 


therefore :0-48eu Okt ionctdrbscluud thie dale 


2, H = th, = 1.025 x 1.60 = 1.64 ms. 


bh, = 0.73 H = 0.78 x 1.64 = 1.195 ms, 


2 


ba HL? — (2.95t— 2.14) by oh, 
| 1.07 t2 h? 


_ 90 + (O75) X55 — 8.0 0.3 _ 9 1045, 
1.07 * 1.05 * 2.55 2.87. = 


1 = 1/4a [2ah, 1 + 4a b? + log, (2ah, + yi— 4a” hi) 


k 


or 


— 1/40,1045 [2% 0.1045% 1.195 re 4. 4x(0.1045)°* (1.195) 


4 log (2%0.1045%1.195 + yt — 4x (0.1043) | 


— 1/0.418 [0.258 + 0.247] = 0.505/0.418 = 1.21 ms. 


— 20 


6. Q, == 2.290 bavtch +], 


— 9.995 x12 \/1.64*1.21 = 4.27 m°/sec. 
Now using equation (14) ; 
QIQ, =1.0— 0.2 (y/h,) 
Q/4.27 = 1.0 — 0.2 (0.45/1.60).  Q, = 3.98 m'/see. 


The same procedure can be followed for, calculating different values 
of “Q.” for different upstream water depths ‘‘h,”. The calculated 


values can be plotted against each other giving a curve which can be 
used with advantage as a calibration curve for the designed flume. 


ConcLusION 


The theorctical and practical treatment of the problem showed 
that the energy loss in the Venturi-flume could be reduced to about 
54%, if the bed under the jump is given an upward slope in the 
direction of flow forming a hump. This reduction in the energy loss 
(about 55%) which can be considered as a gain in the energy head 
(compared with the case of flume with horizontal bed), corresponds 
to a ratio of about 0.30 between the height of the hump “y”’ and 
the maximum water depth in the upstream “h,”’, (Fig. 1). 


A similar gain in the energy head could be obtained in the case 
of the sluice gate (Fig. 2), when the hump was used. In this case 
the gain was 27%. 


It. is also important to make it clear, here, that the introduction 
of the hump in a Venturi-flume causes a very small effect on the 
heading up. In the solved example given in (Chapter III) it was 
found that for a given h, = 1:60 ms the discharge was reduced 
by 4.4% only due to the hump. It was 3.98 m3/sec., instead of 4.27 


m°/sec., for the horizontal bed. 


~ 0 — 


Q: Groh? che dd QUE 


bdhe= 2/3 & Q-'" dQ 


dh = 2/3 dQ/Q = 2/3 x 4.4 = 2.93% 


It is therefore a good advantage of the hump being a cause of 


a great redu 


ction in the energy loss which reaches about 99% and in 


the same time its effect on the heading up does not exceed a smal 


percentage. 
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Kry OF SYMBOLS GENERYY USED IN THIS THESIS 


discharge. 

height of the hump. 

length of the hump. 

slope of the hump. 

gate opening. 

water depth. 

water depth at the begining and end of jump. 

breadth of the flow. 

length of jump. 

total energy head. 

velocity in direction of flow. 

velocity in horizontal direction. 

pressure intensity. 

pressure force. 

surchage. 

specific weight of water. 

denaity of water. 

Chezy coefficient. 

index to bed slope. 

index to the mean value of slope, velocity, pressure 
a, a’, B. factors. 

index to inclination of hump. 

incliration of diverging exit wall. 

ratio between total Energy head ‘‘H” and upstream 
depth ‘‘h, ”. | 


ee a 
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STUDY OF THE JUMP IN A STRAIGHT 


AND DIVERGENT OPEN CHANNELS 
BY 
Prof. Dr. A. KHAFAGI, Dr. Sc. Techn. 
AND 
Dr. M. SAID ABDALLAH, B.Sc., M.Sc., Ph.D. 


INTRODUCTION 


It is intended in the present work, to study the problem of the 
hydraulic jump in both cases of the “Standing Wave Weir” and the 
‘‘ Venturi-flume”. The first case represents the “hydraulic jump 
in a straight rectangular channel (variable depth), while the second 
case represents the “hydraulic jump” in a divergent rectangular 
channel (variable width). 


Applying the momentum theorem and Bernoulli’s principle, the 
height of the hydraulic jump, as well as the loss of head in the jump, 
can be graphically determined for any discharge, and for any form 
of channelcross section. This, however, is only applicable for channels 
with horizontal beds. For channels with sloping beds, other prevailing 
forces more than those for horizontal beds, are to be taken into 
consideration. 


Bidone (1), Bazin (1), Bélanger (1) and Boussinesq (1), failed 
to verify their analysis largely because they neglected components of 
pressure on the sloping floor. 


Backhmeteff and Matzke (1), 1938, published an approach 
in which, by introducing a ‘form coefficient” based on profile 
measurements, accounted for the effect of pressures on the sloping 
floor. Verification of their treatment was limited however to the case 
of the jump in channels of very small slopes. 
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Yarnell (2), carried out an analysis in which floor pressure under 
the jump were evaluted, assuming straight line profile for the live 
water from the start of the jump to the end of the roller. This 
approximation is not accurate enough to lead to satisfactory 
results. | 


Carl Kindsvater (3), dealt with this problem on a large scale. 
He subdivided the common forms of the bydraulic jump in sloping 
channels into four general groups, depending upon the position of the 
jump on a sloping floor, his analysis was based on experimental 
coefficients to evaluate the pressure on the sloping floor (Fig.l). The 


feet 


Elevation iW 


most important and practical case (Case No. 2) where the toe of the 
roller is on the slope and the end of the roller is on the horizontal (Case 
of Standing wave weir), was not studied at all by Kindsvater. 
Referring to this latter case, he stated “Case 2, is a transition between 
the first and third cases and neither the equation for the sloping bed 
nor that for the horizontal one can be applied directly to that case. As 
shown subsequently, however, he stated, experimental coefficients can 
be introduced to make the obtained equations applicable to solutions 
for Case 2”. Neither Kindsvater nor the authors who tried to solve 
the problem, attempted to study the hydraulic Jump on genera] 
basis. 


The Theoretical Treatment 


CHAPTER I. 


Case of a Straight Channel With a Sloping Bed 
(Standing Wave Weir) 


A.— Limits of the Bed Slope: 


For the determination of the extreme limits of the slope, 
experiments were carried out. on a model with a movable plate 
hinged to a broad crested weir at its crest level. The plate was set 
at different angles with the horizontal. For each position, tests were 
carried out at different discharges. Bed pressures at the different 
points were measured and plotted, It was found that these pressures 
had the tendancy to drop at a certain section which is practically 
the same for all cases. This tendancy increases with the inclination, 
i.e. the bed pressure decreases with the increase of the inclination 
and at an angle 55.5° it becomes negative and hence separation will 
result. Therefore, there is a particular inclination giving a zero bed 
pressure at this section. This slope was fonnd to be 42° and was taken 
as the upper limit for the bed slope. 


The inclination is therefore limited to values ranging between zero 
and 42°, 


In order to obtain results covering the whole range between these 
limits, three different models were used, namely 10, 21 and 30° degrees. 
Inclinations less than 10° were excluded, as these are close to the case 
with horizontal bed. On the other hand, inclination between 30° and 
42° were excluded because of the fact that for steep slopes, the over- 
flowing jet cut under the tailwater with little surface disturbance, 
The hydraulic jump will thus act as submerged or drowned jump or 
even a submerged outlet, and the high velocity jet extends for a long 
distance along the floor ond hence causes a big scour and requires an 
expensive long solid floor downstream the structure. 


Le 


B.—The Forces Acting upon a Vertical Strip Within the Jump: 


In the case of tie hydraulic jump, there are two distinct regions 
of flow namely: the main live stream, and the eddying dead water 
(which is usually referred to as “roller’’) which remains in place and 
is located between the toe and the end of the jump. Beneath the roller, 
the main flow takes place, this is referred to as the “live water”, 


(Fig. 2). 


The mechanism of turbulence will form some sort of momentum 
carrying system transferring it from one layer to the other. This will 
be associated with shear stresses of varying intensity with respect to the 
distance travelled forward by the stream, and continuously reducing 
the difference between the original velocities of the two streams. The 
stream surface between the two streams will have on both sides two 
boundary layers very much similar to that associated with solid 
boundaries with the exception that the intensity of shear stresses are 
relatively higher. 


The hydraulic jump comprises, however, two problems, each of 
which is of quite complicated nature, The first is the presence of 
boundary layers with an adverse pressure gradient along the solid 
boundaries, and turbulent mixing between two streams, namely the live 
water and the eddying roller. The stream surface, which is the 
bordering surface between the live water and eddying roller, will have 
intense shear stresses acting both upon the adjacent live water and the 
eddying roller. The shear stresses are obviously caused by momentum 
transfer carried through the turbulent mixing of eddying water and 
the live water. 


The estimation of these shear stresses and the weight of the live 
and of the eddying dead water, require in the first place the determina- 
tion of the profile of the live water surface as well as that of the roller. 
This can be done with the help of velocity and pressure distribution 
diagrams. 


1. The lower surface : 


It is the surface between the “live water” and the “eddying dead 
water”. For each vertical velocity traverse, (Figs. 2,3), the velocity 
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distribution curve was subdivided into several horizontal strips’ The 
area of each strip was computed and when multiplied by the breadth 
of the channel, the discharge through the strip could be estimated. 
This was carried out to plot the discharge per unit width of channel 
versus depth. Knowing the actual unit discharge value as measured 
by the 90° V-notch, the limiting surface of the live water could hence 
be determined accordingly, (Fig. 4) for weir (1). 


2. The upper surface : 


This is the free surface of the eddying dead water. This can be 
determined by the help of the pressure distribution curves (Fig. 3). 


Obviously the unstable nature of that surtace and the presence of 
considerable percentage of entrained air makes it difficult to use direct 
or visual measurements for determining its profile. 


For each vertical section, the heights of the live water were plotted 
on the pressure distribution diagrams “ab” (Fig. 5). The eddying 
dead water is considered as a surcharge over the live water. The 
ordinate of the pressure distribution diagram at the surface of the live 
water “be” was assumed to be equivalent to the weight of the dead 
water column at that section i.e. be = bd. The point “d”’ is therefore 
a point on the surface of the eddying dead water, if air bubbles were 
excluded. Repeating this procedure for other traverses, the hole profile 
of the upper surface-excluding the entrained air-will be determined. 


The deviation between the recorded free surface as determined 
approximately by visual measurments, “e”’ (Fig. 5), from that fixed 
by the above pressure diagram procedure “qd”, could be used to 


jaeeohaha 
estimate roughly the percentage of entrained air, le. pq 18 the 
ratio of the entrained air in weight to the eddying dead water. 
The Forces: Considering any arbitrary vertical strip within the 


jump, 1—2 (Fig. 6), the forees acting upon the control surface euclosing 
the live water within that strip are as follows :— 


Friction forces between live water and solid boundaries of the 
channel. 
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Shearing stresses acting upon the stream surface demarking the 
live water from the roller 


Pressure forces P t and Pe E 


Reaction of the bed upon the fluid : 
(a) due to the weight of the live and dead water: 


R, = W/cosi 
u 


(6) due to the dynamic pressures resulting from the centrifugal 
forces caused by the curvature and inclination of the stream lines, Re. 
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Reaction of the roller upon the fluid acting at the upper side of 
the control surface enclosing the live water. This is approximated 
to the value R, = W,/cosi,, and the corresponding rate of change 
of the momentum within the control surface will be equivalent to the 


vector difference between the momenta entering and leaving the control 
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surface. i.e. M; os M, 


It is a known fact that with curved stream lines the pressure dis- 
tribution will deviate from the usual hydrostatic one. With concave 
stream lines as for the case of live water within the jump, the total 
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pressure along the bed will be higher than its hydrostatic value, (Fig. 7). 
This force can be estimated with the help of the pressure distribution 
diagrams obtained for traverses 1—1 and 2—2. ‘Taking the dynamic 
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pressuse at the bed as ( =) and | “2 at traverses 1 and 2 
ci c2 


respectively, then the average value will be: 
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The total dynamic force acting upon the fluid can be put as: 


AP, AP 
R= y ( Y degrthel M He X [1/ cos i, ] SGuD; 
2 


where, | 
1 = horizontal diatance between traverses 1 and 2 


b = breadth of channel. 


These are the forces acting upon the live fluid within the ontrol 
surface. 


a Oe 


Since all the acting forces are seriously influenced by the curvature 
and inclination of the streamlines, therefore it is justified to emphasise 
the importance of taking into acount this influence when formulating 
the basic equations used for solving the problem. 


C.—The basic equations: 


The length of the jump will be determined by taking successive 
vertical strips. For each strip, the above-mentioned forees will be 
computed. The basic equations relating these forces will be put in such 
a way to give the live water depth h, at the downstream traverse enclosing 


the strip, provided that the water depth h, at the beginning of the 


strip is known. Work could then be carried in succession to the 
following strips. This finally will define the surface profile for the live 
water. The depth of the eddying dead water at various traverses “ss” 
will also be determined during the process of computations, thus the 
surface profile of the roller will be defined as well. 


If the point of intersection of the resulting profiles 0, (Fig.8) 
coincides with the water surface on the downstream side of the jump, 
then the resulting water profiles are correct, otherwise, the computation 
has to be repeated till agreement is reached. 
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Fig. 8 


Approximate estimation of the forces will be made in the first trial 
making use of such emperical coefficients as obtained from the present 
experimental work. 
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Generally speaking, for irrigation channels the normal depth h 
is known which is practically the water depth at the end of the jump. 
On the other hand, the water depth h_ , upstream of the jump is usually 
not given. 

Making use of A. Khafagi and 8.Z. Abou Hammed work under. 
the title “The curvilinear flow in open channels” (17), one can 


calculate and draw the water surface over any weir whatever its shape 
may be, and for any given discharge. 


The calculation starts at any arbitrary vertical section across the. 
shooting flow over the weir (Fig.9). If the point 0, coincides with 


the watcr surface on the downstream side, then the position of the. 
selected section at 0, is correct. otherwise another section upstream or- 


downstream of 0), as the case may be, is to be chosen and the icalcala-. 


tions are then repeated. 


Fig. 9 


The equations used : Referring to (Fig.6), the following equations 
can be put down: 


I.—The impulse equation: 

Applying the momentum theorem, the horizontal components of 
the forces acting upon the fluid within the control surface enclosing 
the live water for any given strip, will be related by the following 
equation :- 


P,— P,+E, +E, +E.—F,-F,=M,—M, (1) 
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1.—-The pressure forces P, and P, 


’ P bss 
Taking ya + z) — the mean pressure head of the live water 
m 
at any vertical section, “‘s”” — the height of the * eddying dead water” 
at the considered section excluding the air bubbles, then the pressure 


distribution diagram in the live water may take the shape shown in 
{Fig. 10). Then, ; 
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2. I'he horizontal components E, and E, 


(bh, +8,) + (bh, +8,) , 
E= Y pp EEK IX bx tan, (5) 


Taking “B” defined as the ratio of the actual pressure to the 
hydrostatic pressure, then, 
re) h lig 
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Substituting this value in equation (3) we get: 
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3. The horizontal components F, and i 


The horizontal component of the shearing force (between the live 
stream and the roller) is: 
Be eter pm X,CO8 t= t,. hob. 


1 8 cos i, 


where t= shear stress — 4 p, v2 iF 
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Therefore: 
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The horizontal component of the frictional force at the bed and 


sides of the channel F ; is! 


F, — t A cosi , where: 
oO u 
ts shear stress at the solid boundary 
A — the area of contact of the liver water with the soild 
boundaries. 
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Using the Chezy’s formula C = / A , f, can be obtained for 
b 


the channel. 


4, The momenta M, and M, 


The momentum mv = = v_, Will be multiplied by a coefiicient o” 
Sv? dh 
where as 
Via» B 


v_, is the horizontal component of the actual mean velocity V_, t.¢. 
V_==v_ sec i 

m m m 
5. The horizontal force E. 


This is the horizontal component of the force R, which counts for 


the effect of the curvature and inclination of the stream lives. 
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I].—The total energy head equation (Bernoulls): 
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where AZe= head loss along the strip 4 


t’ = the height of the aloping bed above the horizontal 
bed at the considered section. 
sf V* dh 
a = kinetic energy factor = PME 8 
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I1].—Frictional and Shearing Forces: 


The frictional forces take place between the live water and the 
solid boundaries of the channel while the shearing forces take place 
at the curved plane between the “live water’? and the “dead 
eddying water’”’. 

It is obvious that the surface of the live water is not a free 
surfaee. Hower, we cannot consider the flow along the jump to be 
analogous to that through a closed conduit. In the latter case, the 
boundary couditions all around the flow are the same, the area of the 
cross section is also constant. The frictional stresses and consequently, 
the coefficient “f”’ is considered constant all along the conduit: 


In our case, however, the conditions are different. Computation 
of the shear stresses at the upper surface of the live water show 
that these stresses change from strip to strip along the jump, and 
consequently the cofficient f, is variable. Therefore, Darcy’s equation 


for. the loss in head due to friction in closed conduits could not be 
applied for this case. 
Ze 
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Curves plotted between the virual slope against f, (fig.11) 


give the emperical formula: 
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where K. is a coefficient varying with the slope of the weir (fig. 12) 
and n,is an exponent which is unity for the case of the standing 


wave weirs. 


It is to be noticed, that experiments have shown that friction on the 
solid boundaries is very small magnitude as compared to shear stresses 
at the live water surface. Hence it was decided to plot the loss of 
energy as a function of the friction coefficient “f,”, as being the main 


influencing variable 
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IV .—Head loss equation: 

The head loss 4Ze given in equation (13) is the loss in a strip 
of a length “1”. The head loss from the beginning of the jump at 
section 0, to any section at a distance 1 from 0, is AZe. The total 
head loss along the whole length of the jump L” is =ZA4e. 


Ze oe 
Curve plotted between wen against 7 (Fig. 13) gives the 


following relation :- 


ae A ‘1, 0-25 
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This can be put in the form: 


—z— 2.02 A Ze] ,~ 
Ale = oe | (1 err Barn (15) 


For a given condition, = A Ze — H,, — H,,, a8 well as the 
length of the jump “L”, are constant. Therefore equation (15) can 
be written as follows: 
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In order to determine the factor (a), an approximate value of 
“T,’? must be assumed, for the first trial. 


Defining the end of the jump as that section at which the flow 
becomes nearly parallel, Backmateff and matzki determined the func- 
tional relationship between the relative length of the Jump, on 
a horizontal bed and Froude number. 


For the case of the hydraulic jump on a sloping bed or partly on 
a sloping and partly on a horizontal bed, as in the present work, a more 
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convenient and suitable relation is that between the ratio La and 


‘| toe. 
Froude number, (Fig.14) where = is the ratio between the horizontal 


length of the jump on the sloping part and the total horizontal length 
of the jump. Froude number “F'” corresponds to the section 0), at 
the beginning of the jump. 


This relation is found to be: 


if toe 4 
im ae: C.F. , . : , ; : (17) 
and C= — 0.31 log,, tani, . : . ' ‘ (18) 


For a given discharge passing over a certain standing wave weir, 
the constants “a” and “b” in equation (16) can therefore be 


determined. 


This equation (16) together with equations (1), (12) and (13) 
are the four basic equations used for solving zhe problem. 
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CHAPTER II. 
The Hydraulic Jump In A Divergent Open Channel 


A.—ZIJntroduction: 


The hydraulic jump in a straight open channel can be produced 
downstream of the heading up works such as weirs aud regulators. 
It takes place over the horizontal solid floor. In the case of special 
type of weirs, namely, the “standing wave weir”’, the hydraulic jump 
occurs either totally or partly over the sloping surface of the weir. 
This later case was throughly studied in the first part of the 
present work. 


The hydraulic jump in a divergent open channel, 7.e. channel with 
divergent sides and horizontal bed, can be produced either totally or 
partly in the diverging part of a Venturi-flume. 


In the first case, however, we deal with a two-dimensional problem, 
whereas in the second one, we have a three-dimensional flow problem. 


Due to the expected difficulties, none, to our knowledge, tried to 
solve such a complicated case. 


Fortunately, the way which we have followed in this work, to 
solve the “two-dimensional problems”’; especially that concerning the 
‘standing wave weir’’ has lead to the main lines for sloving the 
“three-dimensional problem” in a satisfacory way. 


The difficulty of the problem is not noly because of the divergence 
but also because part of the jump. lies within the divergence and the 
other part may be outside of it, z.e. in the straight part of the channel. 


The method which we used for treating the problem overcomes 
this difficulty. The hydraulic jump will be divided into several strips 
and each strip will be treated separately. 


The effect of the divergence will be introduced in the basic equa- 
tions. It will be represented by the components of the side pressures, 
in the direction sf flow. An improved theoretical treatment of the 
water surface in the divergence and upstream the jump was made for 
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the first time taking into consideration the effect of the divergence on 
the shupe of the water surface. Such calculation of the water surface 
leads to accurate estimation of the hydraulic jump. 


The object of the second part of the work is not only the study 
of the characterisiic ond behaviour of the jump in the divergence, but 
also, and in the first place, to determine the length of the solid floor 
beyond the throat of the Venturi-flume, for the purpose of getting 
a convenient and economical design. 


B. —Determination of the water surface upstream of the jump in the 
divergence : 


The water surface just upstreom of the jump must be known 
before determination of the dimensions of the jump. In (Fig.15):- 
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Aze— head loss due to friction between section 1 and 


section 2. 
A ze’ — head loss due to divergence. 
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This equation contains the effect of divergence “ny” as well as 
the effect of the curvature and inclination of the stream lines “yw’’. 


i) 
Curves between A and o for two different divergence (1:6 and 1 : 10) 
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were shown in (Fig. 16), where: 
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3.0 


2.0 


1.0 
Were ore eal 

iano 4 

0.1 O2 03 0.4 0.5 0.6 07 Ly 

Fic. 16 
i — distance between the throat and the considered 
section, and 
L_ = total length of divergence. 
Vv 


It can be noticed that the difference between the maximum and 
minimum values of “A”, for the same divergence, will be smaller for 
smallinclination of thesides. This means that if we choose a divergence 
of about 1.20, say, a mean value for ‘”’ can be used for all sections 
across the whole length of the divergence. 
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This theoretical treatment shows how to calculate the water 
surface in the divergence (upstream of the jump). This calculation 
cannot be made, unless a point on the water surface is given, from 
which the calculation begins. The determination of this point was 
given by A. Khafagi, in his work “Der Venturi-kanal theorie und 
Anwendung” (7). He proved that in the case of curved streamline 
flow, the critical depth is not a vertical depth, but a curve which 
passes by all points where the velocity is equal to the critical velocity. 


Ase iy 
This curve is a curve with equal velocities, equal (9h z) and 


perpendicular to the streamlines. It describes (for the case of the 
Venturi-flume) a parabola. It was assumed that this curve intersects 
the bed at the beginning of the throat, (Fig. 17). 


Elevation 


Flan 


forZ = he x alte y 


Hie, 17 


On these basis, if the discharge is given, the position, shape and 
length of this curve can be calculated and hence its intersection point 
with the required water surface is determined. 


Starting from this known point, the water surface upstream, as 
well as downstream of it can be calculated. From the point of 


=— iil = 


intersection of this water surface with the end of the throat Pa, the 
calculation of the water surface in the divergene can be begun, 


according to the previously mentioned theoretical treatment. 


The determination of the given point P, (Fig. 17), follows according 


to the following equation given by A. Khafagi (7), for a given Venturi- 


flume with a throat ratio s — +2 , and a given discharge Q: 
1 


is 


©r 


0.148 s°t?—t+1=0 (22) 
Het De (23) 
bee On sere 0.73 th, (24) 
L? + (2.93t—2.14t’) hy —L 
VT O88 estes ae (25) 
1.07 t° hy 
(a = parameter of the critical curve parabola) 
xk =4 b (epuation of the mentioned parabola) . (26) 
1 RA a 2 } 
\%; Se ey Yit4a hy +log (2a hb, | 
Nveenae B (27) 
poly) 
+V1+4a by )] | 
(I, = length of critical curve) 
h h 
Snape EN (28) 
(Li, + x) i 1 


(curve of the water surface upstream and inside the throat). 


Q7'2.295 b,/Verh, SI, 


aE TN 
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<.— Determination of the upper and lower surfaces of the roller, tn 
the divergence : rive 


The application of the theoretical treatment will be different here 
‘since the bed of the flume is horizontal and the sides are divergent. 
In other words, for the weir the flow is more or less two-dimensional, 
while in case of the flume it is a three-dimensional flow problem. 
‘For this reason, the four basic equation given in Capter I cannot be 
‘directly applied for the hydraulic jump in the flume, befor they are 
‘modified by introducing the effect of divergence, 


Tue Basic EquaTIoNs 


L.—The Impulse Equation: 


Figure 18 shows a strip across the jump in the divergence between 
‘the vertical sections land 2. The forces acting on the strip are: 


Ele vation 


End of divergence 


end of solid 


loor 


Fig. 18 


(a) P, and P, being the horizontal pressure forces on the 
upstream and downstream vertical sides of the strip respectively. 
(6) E,, the horizontal component of the force exerted by the 


roller upon the moving live water. 


_— js 
(c) F, the horizontal component of the average frictional and 


shearing forces. (The frictional forces between the live water and the 


solid boundaries, while the shearing forces between the live water and 
the roller). 


(d) R,, the force exerted by one of the diverging sides upon the 
water within the control surface considered. 

Hence: R = 2R, sin 8, where @ is the angle of divergence of 
one side. 

(e) M, and M, , the horizontal components of the momentum per 
second entering and leaving the strip. 


For equilibrium therefore. 


PpoePyt Bet R =P = My My ss. (30) 
where: 
A 2 
P, =(D, bh, —bj/2)b, , P, =(D, hy —b,/2) b, (31) 
E, = y/2 {(D, — 8, h,) b, + (D,— By h,) b,} 1tan i, (32) 
R Deities 7ho42)2 ED Sb eha he 
1 = w/24(D, hy — by ) + (D, by — by dihee ane 
R =y {(D, b,—b}/2)+(D, hy—b3/2)fltane. (38) 
pea [( oP) xixe+ (2B) xix als 
D 2 
2 
= ii(by byt het hoy depp Var fh joie le on 434) 
where: 


t is the average shear stress, 
f is the average friction coeffiicient, and, 


V., is the mean velocity at beginning of the jump, and 


M, — M, Sra ig (a, ee —_ a, me 
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Il.—The Total Energy Head Equation: 


The structure of this equation remains the same with the only 
difference that the breadth “5” corresponding to each section has 
to be taken into consideration. 


> wo” pea 2 
a 2 Tak 
2 & ic sec im, b, h sec im, b, 


Aze= Dy Uh ae rere |. @) 


Ill.—The Frictional and Shearing Force Equation: 


The experimenial work carried out on flumes with throat ratios 
of 0.395 and 0.455, and with divergence of 1:6 and 1:10 for each 
throat ratio, have shown that the relation AZe/1 = K fron (36) 


is true for all mentioned flumes, where : 
A Ze is the loss in head along a strip, and 
t 
fice 
ye, Vv 
The exponent ‘‘n,” was found to be the same for all cases and 


equals 0.75. The constant K |, however, was found to vary with the 


divergence as well as, with the throat ratio, (Fig. 19). Substituting 
the value of “{” from equation (36) in equation (34) we get: 


1 
2 {| AZLe \» 
Fi = 1 (b byt hy thy) $0,V,( TR} : (37) 


which can then be substituted in the Impulse equation (30). 


LV.—The Less in Head Equation: 


+ 


: , ..  ALe 
Here also, the dimensionless quantities 77, are plotted against 
Ak 
ie for all the tested Venturiflumes and it has been found that all the 
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points be very close to one single curve, (Fig. 19), the equation for 
which can be put in the form: 


 Sirhalae __ 0.30 
aut 1,0-= 2.0 38 
SAT + rs : : , f (38) 
where: AZe — head loss in a distance from the section at the 


beginning of the jump. 
= 4Ze= the total head loss in the whole length of the 
jump) L”’. 


This means that the loss in head equation is neither affected by 
the divergence nor by the throat ratio. 

Comparing this equation (38) with equation (14) of the weir 
having parallel sides, a small difference can be noticed in the exponent, 
which is equal to 0.30 in epuation (38) while it is equal to 0.25 in 
equation (14). The rest of the items for both equations remains 
the same. 


The application of the four mentioned basic equations for succes- 
sive strips, from the beginning of the jump onwards, leads to the deter- 
mination of the depths, h, ,h, , D, and D, for each strip. Thus the 
surfaces for the live and dead water can be determined. 

The intersection of both curves determines the end cf the jump. 

If the point of intersection lies on the downstream water surface 
of the original flow in the channel, this means that the calculated 
curves are real surfaces. If not, the wholecalculations must be repeated 
till that point lies on the downstream water surface. 

The mentioned procedure of calculation requires that an apporxi- 
mate value of the length of the jump “L” is to be known. An 
appreximate value for “ L.” can be determined from a relation between 


L 
Froude number “F” and the ratio > — , (Fig. 21), where; 
02 


h,, — downstream water depth in the original channel, and 


F re Voy / Vg bo Do, 
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REMARKS 


Four factors namely a, a’, B and B’ are used in the theoretical 
treatment : 
(a) “a” is used as a correction factor for the true kinetic 


energy head, 7.e. a V?/2g instead of Vi /2¢, where : 


3 HT GN ea 


a 
V2 A 


. sow iy to 9 
This coefficient was calculated and plotted against 7 at differsnt 


travereses for the tested rates of flow. It is found that all points 
follow practically one curve. It starts with unity at the beginning 


of the jump and reaches the value of 1.42 at 71.00 This shows that 


the velocity distribution at the end of the jump is by no means uniform. 
It requires a further distance on the downstream side till it reaches its 
normal state where a = 1.00, 


2 
(6) Another factor a’ — lial, 8 has to be multiplied by the 
vo A 
impulse M. 
M =a’ mv,,, where m— 7 Q 


It has the same character as the ‘‘a”’ curve. 


P.+P 
cui Be 


Oo 


(c) Another factor B —= in which 4 P is the excess in 


pressure over the hydrostatic, which is due to the effect of the curvature 
and inclination of the upper boundary at any section. The inclination 
of the stream lines causes a decrease, where as the curvature causes 
an increase in the pressure. “B” is a criterion of both efftcts. It is 


plotted against = 


(d) B’ corresponds to the resultant of the side pressure R. 
B and B’ are practically the same. 
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CHAPTER III 
Solved Examples 


A.—Standing Wave Weir: 


A standing wave weir of the shape shown in (Fig. 21), is cons- 
tructed across a rectangular channel whose discharge is 62 cubic meter 
per second. It is required to calculate the scour length |, , downstream 
the toe of the weir. The channel is 20.0 m. breadth with a bed slope 
of 15 cms. pe. kilometer. 


Calculations: The normal depth h,, in the channel can be 


obtained from the formula: 


Making use of A. Khafagi and S. Hammad work (17), the water 
surface over the weir is calculated and plotted on (Fig. 21). 
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DETERMINATION OF THE JUMP 
First Trial 


Assume the jump starts at distanc 2.40 m. from 9, where he = 0.61 m 


V =Qbh coi, = 5.40 mysec. 


Fo ==)V_, cos is yg hs 
Applying equation (18), C = 0.136 


lt 
Applying equation (17), 7 = cF = 0.285 


since i 260-5} (08-0 916.20 m. © 0 df 11.60 m. 


Total energy head at beginning of jump “#7 , uv 


2 


V 
H =v+(— +z) +a ol 
ol y 


m 2g 
x 
at yi es 0.00, B = 1.22 and a = 1,00 
i 
P, = 9.226 tons, .°. (= Si 2) > 0707 5°m. 
y m 


— 1°675 + 0.675 + 1.492 = 3.842 m. 


of 
Total energy head at end of jump “H au 


at + = 1.00 , B = 1.00 and a = 1.40 


2 


Le — 2.90 Ver _ 9.082 
aaah — a a ag ese 


ee 


oo — 2.90 + 0.082 = 2.982. 
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EAZe = 3.842 — 2.982 = 0.860 m. 
i: 


Strip No. 1: 2.00 m. length, Ton 0.124 


wei 22 Vi qeccavlelh Os sit, Fanly 09 


B= ligt 5 Pane 1.02 >» 2.5 1,01 


2 


from equation (14), A Ze = 0.155 m. 


Applying the total eneryy head equation (12): 


h; — 0.373 
0.155 = 2.35 — (D, + 0.95) -+ 1. 34 (“an 
h 
2 


For arbitrary values of h,, this equation is used to find the 
corresponding values of D, 


h, m 0.60 '°.0.¢0- (0,80. 0.90 


D,m1.196 1555 1.808 1.970 


Applying the imoulse equation (1): 
P, =)4.52 tons, P, = (D, h,— h;/2) 20 tons (equation 4) 


Eis CD), ta0-61 — 0271, ) 4.28. tons (equatisn 5) 


EB, = (D, — 1.27 bh) 20 tan 1, (equation 8) 
a a 
Loe ( ==} oe (=) 6.84 tons (equation 11) 
Tact ok Y /e, 
L. Le 
F, =4$p, Vz f,.1. b and —— = 2.18, 
F : == 212 tons, (equation 9 and 13) 


f = 0.0062 
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F, =4 e, V2 x 0.0062 [b1 + (h, + b,)I} 0.94 tons (equ.10) 


NL M, = 6.31 (a. LE Ab om 5.09) tons 
Again, this equation is used to find the values of D, corresponding 


to the selected values of h, Values of E, are computed separately 


due to the inclination of the bed and the inclinotion and curvature of 


the surface ol live water. 
h,m 0.60 0.70 008 0.90 
E,tons 1.38 1.30 1.73 92 
D,m ~ 1.24 1.55 1:79. ald. 


Plotting the values of h, and D, in the two tables we get: 


h, = 0.64 m, and D, = 1.36 m, .°.8 = 0.55 m. 


= 0.284. 


| I 


Strip No, 2: 2.00 m length, 
B, = 1.27 , a, = 1.02, a, = 1.01 
B, = 1.15,0, = 1.05, a, 81.015 


from equation (14), 4Ze = 0.395 m. 


AZe for the 2nd strip = 0.240 m. 


Applying the total energy head equation 12: 


he 0.42 


2 


0.240 = 2.31 —D, + 1.23 


nS Me O10. ee os0s + U.90e" “1.00 
D,m 9.970 2.510 2.680 2.797 


Sse 
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Applying the impulse equation (1), we get: 
bm) 0:7.0.4;,0.30 .. 0.00; 1.00 
Bim 169 "Lsl, (48 cage 


Dm 229 247. (2.605 2as 


Plotting values of h, and D, in the two tables we get: 


h, = 0.72 m and iS 2.60 m .°, § == 1.50 m, 


] 
Strip No. (3): 3.00 m length, T= 0 469 
B, = 1.15, a, = 1.05, a, = 1.015 


B, = 1.05, a, = 1.09, a, = 1.025 
from epuation (14), AZe = 0.560 m. 


AZe for the 3rd strip = 0.165 m 


Applying the total energy head equation 12: 


ie — 0.52 
0.165, ==,2.33 — D, +, 1,005 ( —— 


2 
2 


hom 0.70" 0.80 (70,90 1.0 

D,m 2.103 2.353 2.525 2.647 
Applying the impulse equation (1), we get: 

h,m 0.70 0.80 0.90 1.00 

D,m 2.14 236 2.493 2.60 
Plottin values of h, and D, in the two tables we get: 


h, =-0.82 m,,.and,.D,.=.2. 39 m, ..*. 8 = 15 
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Sirip No. (4): 3.00 m length, a = 0.655 
B, = 1.05, a, = 1.09, a, = 1.025 
Be 03c = 1.90, «= 1.05 


from equation (14), AZe = 0.69 m. 


AZe for the 4th strip = 0.130 m. 


Applying the total energy head equation 12: 


h, — 0.672 
0.130 = 2.39 — D, + 0.835 | 


hom 0.90 1.00 1.10 1.20 


D,m 2.402 2.534 2.630 2.705 


Applying the impulse equation (1) 
hem 0.90 *1.00° 1.10% 1.20 


1 m 2.430 2.55 2°605 2.640 


Plotting values of h, and D, in the two tables, we get: 
h, = 1.05 m, and D, = 2.585 m, .*. s = 1.505 m. 


l 
Strip No. 5: 3.00 m length, ioe 0.84 


B, = 1.01, a, = 136, a, = 1.14 


from equation (14), 4Ze — 0775 m. 


AZe for the 5th strip = 0.085 m. 


— 126 — 
Applying the total energy head equation 12: 
0.085 = 2.585 — D, + 0.77 ( 2 ee) 

hem 1.20 1.40 1.50 1.60 

Dm 2.634 2.75 2.79 2.823 
Applying the impulse equation 1: 

bom 1.20 1.40 1.50 1.60 

D,m 2.65 2.75 2.76 5.78 
Plotting values of h, and D, in the two tables, we get: 


h, = 1.40 m, and D, = 2.75 m, .*. 8 = 1.33 m, 


Strip No. 6: 2.40 m. length, ue == 0.96 
B 1.01: Helse d86 5 pel. 


B, = 1.00 , «, = 1.40 , a,—= 1.21 


from equation (14), 4Ze = 0.84 m. 


AZe for the 6th strip = 0.065 m. 


Applying the total energy head equation IZ: 
elie ep 
0.065 2.75 — D, --0.34 ( it a eee 
2 
h,m 2.00 2.20 2.40 2.60 


D, m 9.858 2.886 2.910 2.925 


Applying the impulse equation 1 
h,m 2.00 2.20 2.40 2.60 
D,m 2.865 2.89 2.90 2.905 
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Plotting values of h, and D, in the two tables, we get: 
h, = 230m, and D, = 2.895 m, .*.8 = 0.595 m. 


The point of intersection of the live water aud dead water 
profiles does not coincide with the water surface on the downstream 
of the jump. 

.*, The computations are repeated again assuming the beginning 


of the jump at another point on the weir. 


Second Trial: Assume the jump starts at distance 2.80 m, 
from 0, The repeated calculations lead to the result that the point of 
intersection of the live and dead water profiles, (Fig. 22), occurs at 
19.10 m from 0, at hy, = 2.90 m, 2. coincides with the water surface 
on the downstream of the jump. 

.. The correct position of the start of the jump is at 2.80 m 
from 0, and it ends at 19.10 m. 


L = 19.10 — 2.80 = 16.30 m. 
Hence, 1, = 19.10 —7.0 = 12.10 m., which is the required length 


of the solid floor downstream the toe of the weir. 


B.—A Venturi- Flume: 


Venturi-Aume of the type shown in (Fig. 23), is constructed 
along a rectangular channel the discharge of which is 5.55 cubic meter 
per second, its breadth 3.00 m, throat breadth of the Venturi-flume 
1.20 m, side walls divergence 1 : 8, channel bed slope 15 em. per km., 
and downstream water depth in the channel is 1.53 m, It is required 
to estimate the length of the jump. 


CALCULATIONS 


Determination of the water surface upstream and inside the 
throat of the Venturi-flume: 
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b=20.0 m. 


«second trial) 


10 


strip NQ1 


strip N92 


stripNo3 


stripN24 


(5 =12.10 m. 


= 16.30 Mm. 
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Fig. 22 


Q = 5.55 msec. ( Second trial) 6, =3.00m, 62 =1.20m, divergence 1:8 
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2D 


ead Water surface 


iG saa 
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Applying equations 22, 24, 25, 26, 27 and 29, we get: 
h, = 1.84 m, bh, = 1,38. m, a == 0.105, 
x = 0.20 


Therefore applying equation (28) for different values of xX 
(varying between 0 and 3.50 m), Z can be calculated. 


AP: VOC Ea 1:00 150 . 2.00 2.50 §.00 3 ee 


vA 1.829 1:795. 1.735 (1.661. 1.561 1.436 4.201 


Determination of the water surface in the divergence (downstream 
the throat) : 


Making use of the curves (Fig. 16) “A” at different sections within 
the divergence are computed. Therefore, applying equation (21) 
the water surface at these sections are computed (neglecting the 


term AZe). 
eee eS eeeeeee—eae——eaeeoewreeee 
Section | b | h Vv y 2 Vv _y? oes rs 
from 0-0 | a m mite Y4 — x 
m. m m/sec Ya 
m. 2g 2g | v 
! 
| | 
3.55 1.20 1.291 3.61 0.665 0.058 0.559 0.069 3.20 
4.0 1.325 1.105 Be kL 0.723 0.055 1.00 0.139 2-26 
4.5 1.45 0.98 3.90 0.778 0.082 1.50 0.208 1.46 
5.0 L515 0.86 4.1¢ 0.860 0.110 2.00 0.278 1.00 
5.5 1.70 0.75 4.35 0.970 0.130 eo 0.347 0.72 
6.0 1.825 0.657 4.65 1.10 0.124 3.00 0.415 0.62. 
6.5 Te95 0.58 4.90 1.224 0.116 3.50 0.488 0.52 
wa0 2.075 0.52 5.43 1.34 
aS 


DETERMINATION OF THE JUMP 
First Trial 


Assume that the jump starts at distance 5.00 m. from 0-0, 
h = 0.86 m, b = 1.575 m: 


F = 1.415, from (Fig. 21), = == 4,11 
02 
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Total energy head at beginning of jump “HH,” 


at a 0.0, B = 1.25, and a = 1.00 


P, = 0.462 tons, (=. + “) = 0.970 m. 


H., = 0.970 4+ 0.860 = 1.83 m. 
Total energy head at end of jump “Hi,” 
a eee 1.00, B =,1.0, and a =—.b42 
me = 153 La V2 /2g = 0.0105 

: +z ) =153m and a VV, /2g = 0.0105 m. 
ee — 1.55 + 0.01 — 1.54 m. 


Ale A ZAZe = 1.83. — 1.54 = 0.29 m. 


] 
Strip No. 1: 1.50 m length, ~~ = 0.28 


B, = 120, a — 1.00, a, = 1,02 


B, = 1.125,a, = 1.03, a, = 1.025 


from equation (38) AZe = 0.087 m. 


Applying the total energy head equation (35): 
3.8 hy — 1.84 
0.087 = 0.97 — D, + 0.229 ( oe BO ae 2 
by 


For arbitrary values of h, , this equation is used to find out the 
corresponding values of D, . 
0.70 0.80 0.90 1.00 1.10 


by m 
£15 1.236 1.332 1.408 


D,m 0.895 
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Applying the impulse equation (30) : 


i ae 
P, = 0.726 tons, P, =| D, ch, — 1.95 tons (equ. 31) 
E, = (D, — 1,125 h,) 1.46 tan is tons. (equ. 32) 
12 
R = ( 0,462 4 Doh, — eR 0.187 tons. (equ. 33) 
F’ = 0.0152 (4.385 + h,) tons. (equ. 34) 


Since k, = 1.63 for throat ratio 0.40 and divergence 
158 CPi. 
M,-M, = 0.565 (2.93/h, — 4.15) tons, 


Again, this equation is used to find out the values of D, 


corresponding to the selected values of h, . 
h,m 0.70 0.80 0.90 1.00 1.10 
D,m 0.92 1.10 1.23 1.82 1.38 
Plotting the values of h, and D, in the two tables, we get: 


h, = 0.077 m, and D, = 1.043 m, .°. 8 = 0.173 m. 


Strip No. 2: 1.50 m. length, a = 0.475 
B= 1.125 ,a, = 1.08, «, = 1.025 
B,=1.05 ,a, = 1.07, a, = 1.08 

from equation (38), 4Ze = 0.174 m. 


Applying the total energy head equation 35 : 


pen — gos 
0.087 = 1.043 — D, + 0.134 ( 
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h, m 0.80 0.90 1.10 1.20 
D,m A209e0e1 S107. 1/431 byddedtl 


Applying the impulse equation 30: 
h, m 0.80 0.90 1.10 1.20 
Dsim3 1.24 1.31 1.38 1.40 


Plotting the values of h, and D, in the two tables, we get : 


h, = 0.90 m, and D, = 1.31 m,.*. s = 0.36 m. 


a] 
Strip No. 3: 1.50 m length, L= 0.714 


Bare BOD, 07 teal Ole cea! 03 
ae L.Oljg @, = dQ] , «p= 1.06 
from equation (38), 4Ze = 0.232 m. 


4Ze for the 3rd strip = 0.058 m. 


Applying the total energy head equation (35): 


h, m 0.90 1.00 LQ 1.20 1,30 


D, m 135 PSO PALS PST OOO OL TTF 
Applying the impulse equation (30), we get: 

b, m 0.90 1.00 1.10 1.20 1.30 

D,m 1.370 1.415 1.445. 1.465... 1.485 


Plotting the values of h, and D, in the two tables, we get : 


h, = 1.00 m, D, = 1.415 m, .*. s = 0.405 m. 
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Strid No. 4: 1.20 m length, ~~ = 0.905 
= 1.01 ,0, = 1.21, a, = 1.06 
B, = 1.00, a, = 1.37 ,a, = 1.15 

from equation (38), AZe = 0.273 m. 


AZe for the 4th strip = 0.041 m. 


Applying the total energy head equation 35: 


9.0 hy — 7.30 
0.041 21.415 — D, + 0.308 ( ie 
2 


bh, m_ - L.00,;9 0-10. 120.5) alae) alam 
D,m 1,424 1.465 1.495 1.518 1.538 


Applying the impulse equation (30), we get: 
h, m 1.00 1.10 120 1.30 1.40 


D, m 1.430 1.466 1.480 1.501 1.515 
Plotting the values of h, and D, in the two tables, we get: 
h,=1.10m, and D, = 1.466m,.°.8 = 0.366 m. 


The point of intersection of the live water and dead water 
profiles does not coincide with the water surface on the downstream. 
The computations are repeated again assuming the beginning of the 
jump at another point within the divergence. 

Sceond Trial: Assume that the jump starts at distance 4.70 m. 
from 0. The repeated calculations lead to the result that the point of 
‘ntersection of the live water and dead water profiles, (Fig. 23), 
occurs at 11.40 m, from 0, and coincides with the downstream 
surface, i.e. at depth of 1.53 m. 


L = 11.40 — 4.70 = 6.70 = length of the jump. 


lt is obvious that the solid floor must not end before the end of 
the jump. 


+: 
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MINIMISING THE LOSS IN HEAD INSIDE THE 
‘HYDRAULIC JUMP’ BY USING A ‘SHUMP” 
BY 


Dr. M.S. ABDALLAH, Ph. D., M.Sc., A. M.A.5S. C. E. 
Faculty of Engineering, Cairo University 


§ 1.—InrropuctTien 


It is known, that if a hydraulic jump is produced downstream 
a water structure, the major part of the energy loss takes place within 
the jump. That is why in the study, emphasise is given on the 
energy loss in the jump and on how this loss could be recovered. 


Ia his work entitled “The energy loss in some irrigation works’’(*) 
A. Kamel, has shown that the energy loss in the Venturi-flume 
could be reduced to about 45 %, if the bed beneath the jump is given 
an upward slope in the direction of flow forming a “hump”. This 
reduction in the energy loss (about 55 %) which can be considered 
as a gain in the energy head (compared with the case of flume with 
horizontal bed), corresponds to a ratio of about 0.30 between the 
height of the hump “y” and the maximum water depth in the 
upstream “h,” (Fig. 1). 


A similar gain in the energy head could be obtained in the case 
of the shuci gate (Fig. 2). In this case, the gain is yy 


A. Kamel, studied two irrigation works only, namely the Venturi- 
flume and the sliuce gate; but since the problem of minimising the 
loss in head downstream canal outlets, is really a problem of a great 
importance in order to ensure “ Free irrigation” (1.¢. irrigation 


(1) M.Sc. thesis submitted to the Faculty of Engineering, Cairo 
University 1958. 
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without puming of water), the writer has found, that it will be 
certainly ussful if the effect of the hump in connection with another 
irrigation work, sueh as the standing wave weircould also be studied. _ 


DIRECTION OF FLOW 


Long ,sec ina sluice gate with hump. 


Fie. 2 


— 19 = 


§ 2.—Cnoick OF SHAPE OF STANDING WAVS WEIR USED 
(Limits for the shape of the weir surface) 


For the determination of the range of the slope, experiments 
were carried out on a model with a movable plate hinged to a broad 
crested weir at the crest level as shown in (Fig. 3). The model was 
fitted in a 30 cm. rectangular channe! having two glass sides. The 
plate was set at different angles, with the horizontal, namely 


Le. 00, 
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8.5°, 17.5°, 26°, 36° and 55.5°. For each position, tests were carried 
out at four different discharges. The water surfaces were measured 
and plotted. Pressures at different points on the bed for the diffe- 
rent bed slopes were measured in the direction of the slope (Figs. 4, 
4 and 6 for slopes 17.5°, 36° and 55.5°). The dotted lines represent 
the bed pressures. It is clear from (Figs. 4, 5 and 6) that these 
dotted lines have the tendency to drop down at a certain section a-a, 
which is practically the same for all cases. It is noticeable that this 
tendency increases with the inclination, 7.¢., the bed pressure decreases 
with the increase of the inclination (Fig. 7). For an angle 55.5° 
(Fig. 6), the bed pressure becomes negative, and hence separation 
will result. Therefore, there is a particular inclination giving a zero 
bed pressure at section (a-a) (Section of minimum bed pressures). 
Such an inclination can be taken as the upper limit for the weir slope. 
Bed pressures at section (a-a) for the maximum discharge used 
(0.971 to 1.03 lit/em/sec.) were plotted against the inclination 
(Fig. 7). The curve gives a zero pressure for an inclination angle 
of 42°. This means that if the inclination is more than 42°, 
separation at the bed at section (a-a) takes place. Therefore standing 
wave weirs with inclination more than 42° can be excluded. The 
inclination is therefore limited to values ranging between zero and 42° 


Inclination less than 10° have not been considered because they 
will require very long structures which are not economical. Inelin- 
ations between 30 and 42° have also to be excluded because of the. 
fact that for steep slopes, the overflowing jet cut under the tail-water 
with little surface disturbance. The hydraulic jump will thus act as 
submerged or drowned jump or even a submerged outlet, and the 
high velocity jet extends for a long distance along the floor and hence 
causes a big scour and requires an expensive long solid floor down- 
stream the structure. 


For these reasons, the reasonable slope of the weir surface ranges 
between 10° and 39°. 


This study was made on a standing wave weir with an average 
surface slope of 20°. 


F Org 


HL ales 


— 141 — 


a soj 9 


=e 


> soy aunssbud pag 


29° 
OLS 
02° 2 
38°9 


SEW acne, abegege 
69'S] « $0 %0=¢b 
QL9) « ««@ 669'0= “b 
GO°2 |2as/wo/1 p2460="b 


"wo ul Junssaud paq 


aunssaud paq — — — 


qoejuns uassem 


oe Sf OFZ ire lod Ono BEY | ww OLe On") 


i 


, Zhe Gore Shek ee RE T 2-5 | «« goy0=%b 
ies 06-9 00°S Org -S Ole 03-2 099 |« « «coro: “> 
Ss 

= =. 


=. : Sey ys ONS S0- J §5° 9 Ze5 eee pe%et9/4 ports Mb 
— : ~ WOur duNSs2Ud pag 


suNsssasd poe — —- -—— 
d9B UNS UIE 


— 142 — 


Sead er eee ee a 


] Log 34% dad peg 


— 143 — 


a a ey Ga. er a ee 
c Gi} S2'h 55°0 a9't 06° Z24 
es y ee co oe C00 OZ Ss°9 ov's 
i . See E 792 Set OStim ez"? L9°S zbek 
CRAY NX Off S64 06 ‘E— OL'2 0€°9 Oo°d 
fib 9129S 
aunssaud pag — — 
2DByUNS YIIEM 
z 
Ses 
aa 
. ie 


b soj Sunssosdl=paq_ oe, a 2 Pee 
A Paras: 


. \ 
A ok 
SONG Gi eg 
\ 


15 
wo 
22 way y 
9 
oO} 
Sa ~ 
oF. 
qd] 40% =: 5 


— 144 — 


JIRSSSSSSe 
HSis Gn: 8 
7 is Aha aE 


“Tet 
rob 
aL PA) 


i tana HHH 
eae Pe a aN 


BED PRESSURE AGAINST INGLINATION AT SECTION A-A 
Fria. 7 


§ 3.—THE THEORETICAL TREATMENT OF THE PROBLEM 


(a) The forces acting on a vertical strip within the jump: 
Considering any arbitrary vertical strip within the jump, 1-2 
(Fig. 8), the forces acting upon the control surface enclosing the live 
water within that strip are as follows: 
1. Friction forces between live water and solid boundaries of the 
channel, (F,). 
2. Shearing forces acting upon the stream surface demarking the 


live water from the roller, (F,). 
3. Pressrue forces (P, and P,). 
4. Reaction of the bed upon the fluid: 


(a) due to weight of the live and dead water, (R, — ‘ 
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(6) due to the dynamic pressures resulting from the centrifugal 
forces caused by the curvature and inclination of the stream lines, (R ). 


5. Reaction of the roller upon the fluid acting at the upper tide 


W 
of the control surface enclosing the live water, ( R= Bai : 


6. The corresponding rate of change of momentum within the 


control surface will be equivalent to the vector difference between the 
= 


momenta entering and the control surface 7. e. i, —M, 

Needless to say, all the acting forces are seriously influenced by 
the curvature and inclination of the stream lines, Hence, for an 
accurate estimate of the forces, these influencing factors has to be 
carefully taken into account. For instance, the in and out flowing 
momentum are obviously influenced by the direction of the stream 
lines, as well as the reactions exerted upon the live water, R,, RB, 


and R, : 


Moreover, the frictional “shearing” forces between the live 
water on one hand and the solid boundaries on the dead water on the 
other hand, are affected as these are closely related to velocity changes, 
which are undoubtedly affected by the curvature and inclination of 
stream lines. 


Therefore, it is justified to emphasise the influence of the 
curvature and inclination of the stream lines in formulating the 
equations used 


(b) The Energy loss in the jump : 


The energy loss in the jump which is lost partly in the rotation 
of the roller and partly in the formation of the eddies, is drawn 
continuously from the energy of the live water. The transfer of 
the energy from the “live water” to the “eddying dead water” 
takes place through the mechanism of momentum transfer creating 
shearing stresses between both layers. In other words the energy 
loss in the jump depends to a great extent on those created shearing 


10 
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stresses, In order to minimise the energy loss in the jump a trial 
for reducing the shear stress will be necessary. 


Since the amount of the shearing forces depend on the amount 
and direction of all forces acting on a vertical strip across the jump 
(Fig. 8) the evaluation of those forces and the condition of their 
equilibrium must be first determined. 


I.—TuE ConDITION OF EQUILIBRIUM OF THE FORCES ACTING 
oN A STRIP ACROSS THE JUMP 


Applying the momentum theorem, the horizontal component of 
the forces acting upon the fluid within the control surface enclosing 
the live water for any given strip (Fig. 8), will be related by the 
following equations: 


1 7 24 , - 7} 
(a) P,-P,+E,+E,+E,—l',—F,~M,—M, (Fig. 82) | 
(b) P,P, +E,—F,—-F, =M,—M, (Fig. 86) > (1) 


(c) P,P, -E,+E,—F,—F,—E,= M,—M, (Fig. 8¢) | 


in which : 
1.—Vhe pressure forces P, and P, 


e 
Taking ( ie + 2 == the mean pressure head of the live water 


at any vertical section, s — the height of the “eddying dead water” 
at the considered section excluding the air bubbles, then the pressure 
distribution diagram in the live wate takes the shape shown in (Fig. 9). 


Then, p=—(—) -h+sh : : i (2) 


P h 
assuming that ( re occurs at > from the bed, and putting 


(+2) +5=D. : ; : : ; (3) 
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Then p—(—|] = oe 
«  (F)-v-$- 
P = (p—f-s)h+sh 
= Dh teeth eee 
or popes ee ee 


2.—The horizontal components E, and E, : 


(bh, +8,) + (hb, + 58,) 
© 1 1 i : amet L, tem 1s . (5) 


== 


1 


w.s. with air 


Taking “B” defined as the ratio of the actual pressure to the 
hydrostatic pressure, 


them B = he ae h 
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Substituting this value in equation (3) we get, 
EB 
D =($ +2) +s=Bh+s5s 


or s == D — Bhla. ‘ : ‘ : : : (6) 


Substituting this value of “s” in equation (5) for “E,” 
we get E,=5[(b, + D,—B6,h,) +(h, + D,—8,h,) b.1. tani, 
y : : 
= 9 [{D,—(8, —1)b,}+{D,—(8,—1)h,}] b. 1. tani, (7) 


8) -}- 8, 


and Hie =a. ‘bul -tan 1, 


=5[(D,—B,b,) +(D,—B,h, ) ] b. Bad, | (8) 


3.—The horizontal components GN 4: 


The horizontal component of the shearing force (between the 
live stream and the roller) is: 


l. b. 
Fi ="... Setle SOON che Gare TA bag 0 
8° cos 1 8 8 
8 
where T is the shear stress. 


The horizontal component of the frictional force at the bed and 


sides of the channel F, is : 
F : = t_ Acosi 
oO u 
where t, = shear stress at the solid boundary, 


A = the area of contact of the live water with the solid 
boundaries, 


Putting t =+.p,.v_-f, 
2g 
and using the Chezy’s formula C = 2 
b 
where C = Chezy’s coefficient = 60 (in our case) 


Qo 
Then 60 = \/ 78 or f == 0.0054 
; b f 


4.—The Momenta M, and M, : 


The momentum m v_ = — v,, will be multiplied by a coefficient 


a’ where: 
. A_(vdA)AY, 
a = SG v_) inde 


v = is the horizontal component of the actual velocity V. 


te V—=vseci 
m 


5.—The horizontal force E: 


It isa known fact that with curved stream lines the pressure 
distribution will deviate from the usual hydrostatic one. With concave 
stream lines as for case of the live water within the jump, the total 
pressure along the bed will be higher than its hydrostatic value, 
(Fig. 10). This force can be estimated with the help of the pressure 
distribution diagrams obtained for traverses 1-1 and 2-2. 


(APS eee aa 


The totol dynamic force acting upon the fluid can be put as: 


y AUP, LP. ] 
HS). TS ate: cos i, 
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.‘. The horizontal component of this force, E,, which counts 
for the effect of the cnrvature and inclination of the stream lines is: 


TAN x 
ae 
y Cy] cy Co : 


cos i 
u 


-sini, (9) 


Fie. 10 


The shearing forces at the plane between the live stream and the 
eddying dead water, (the roller) can be obtained from equation (1) 
as follows: - 


(a) F, = (M, +P, +E,+ E+ E,) — (M,+P,+F,)) 


(6) F, = (M, +P, +E.) — (M, +P, +F,) eekly 
(c) F. = (M, +P, +E,—E,—E,)—(M,+P,+F,) 


Comparing the values of F, computed from the above three 


equations, we find that the value obtained from equation (c) that 
corresponds to the case of the hump has the least value. 
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This means that, if the bed under the jump is given an upward 
slope in the direction of the flow forming a hump, the loss in head in 
the jump, is greatly reduced. 


Shear stresses were calculated once for the channel with horizontal 
bed and another for the channel with a hump slope 7 : 100, according 
to equation (1)'’. The results are tabulated in Table (1) for a rate of 
discharge of 35.00 lit/sec. Comparing the values of these shear 
stesses for both cases, it can be noticed, that the shearing stresses for 
the case of the hump are smaller than those for the case of the 
_ horizonted bed. Calculating the energy losses in both cases from the 
simple equation 2 A Ze = | H,, we found that ths small loss in 
head corresponds to the small shearing stresses, (Tables 2, 3 and 4) 
which proves the fact that by using 4 hump downstream the standing 
wave weir, minimized loss of head is obtained. 


Il.—Errect or THE Hume oN THE PATH OF THE Enrray LIne 


The energy line is defined as the line passing through the points 
of the tosal energy head in successive sections along the weir and the 
channel. 


Fromulating this definition mathematically for two suceesslve 
sections (Fig, 11), we get: 


The tots] energy head at section I, 


. | 
P ' Vv 
H. & 4+ 4% ! A Beek Oe re sec, im, (for horizontal bed) 


“mil 


2 
Vv 
H, = e + 2) +8, +y,+% 5 


and the total energy head at section II: 


2 
P . Vv 9 ”, ‘ Shae 
H, ean ( - a+ % BP ie poo 0g Fe sec i, (for horizontal bed) 


m2 


— 3: 


2 
Vv 
H, =(5++)., +8, + Y, + 2, ae 1 (for the hump) 


where y = the heightof the sloping bed above the horizontal bed 
at the considered section, 


s = the height of the rolling dead water iy. 91) 


a = keinetic energy factor 


Poller «i 
: Vv, 


% 
px | live stream 
VIVIIT TF TOF 
¢ 
T norizental bed © hum 
Fia. 11 
i = slope of the tangent to any stream line. 


As V_ = v., seci,, the above equation will be: 
P 
ss Wc ++ Z La a, 


1g 
Hy = (+ +2) byt a, 


¥y ; 
! (for horizontal bed) 
2g 


bri 
I 


2 
1 (for the hump) 
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V2 


ee (— +z ).. OS 2 (for horizontal bed) 


oO 
fe) 
Vin 
Do 


ig 
H, = (+ i ya + ee Py (for the hump) 


denoting the head loss along the strip as AZe 
'. 44e =H, — 4H, 


Therefore, the case of horizontal bed, 


se ) 
(Ze), =| (+ 2) oP ay =" 
re ae (10) 
ae, 
y mM» 2g | 


and for the case of hump, 


y Ligh bg 
(A h=[( +9), thas 
Sie (it): 


(Es) 
TE Saat Z a 
' y m2 Ye Tae 


Applying the above-mentioned total head equations on successive 
sections along the jump, the energy line can be determined. 

Calculations were made, using these equations, for different 
discharges. 

Fig. 12 shows the water surface profiles and the total energy lines 


for Q = 35.00 lit./sec. for horizontal bed and for the hump. 


Comparing each pair of the energy lines (horizontal bed and 
hump), one can notice, that the energy line corresponding to the bed 
with hump is flater than that with horizontal bed. (Fig. 12). 
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(A Ze), (A Ze), 


1. €. Sore is less than 


where (A Ze), is the loss in head along a strip “1” for the bed 
with hump and 


(A Ze), is the loss in head along tho same strip for the 
horizontal bed. 


It is also clear from (Tables 2, 3 and 4) that (2 A Ze), , is less 
than that for the case of horizontal floor, (= A Ze), . 


§ 4.—Tue Most Errective Hump Downstream 
THE STANDING Wave WEIR 


A.—Applied Stuay: 


The treatment made by A. Kamel leading to the design of the 
most effective hump downstream the Venturi-flnme and the Sluice 
gate, cannot be applied for the design of the most effective Hump 
downstream the standing wave weir. Hence a special study for the 
latter case is necessary. 


Therefore, five figures were plotted, namely figs. 12, 13, 14, 15 
and. 16 Fig. 13 consists of three sets of curxes giving the relation 
between the loss in head = A Ze and the discharge Q. Lach set of 
curves corresponds to a certain length of hump. The lengths used 
were 70,100 and 130 cms. By each length of hump, the experiments 
were carried for different heights, namely y—4, 7 and 9 cms. 
(Figs. 13a, 13b and 13.) 


A better representation can be obtained if the relation (= A Ze 
and Q) is plotted for humps with a constant slope. The chosen con- 
stant slope of hump was 0.07 (Fig. 14). 

Comparing the obtained curves shown on that figure, it is to be 
noticed that : 

(a) In all cases, the loss in head in the case of the hump is always 
less than that in the case of the horizontal bed. This can be explained 


by comparing the values of the shearing force ae obtained from the 


= $67 = 
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Fig. 13 a, b 
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group of equations (1)’ with each other. One finds that the value. 
obtained from equation (c) which corresponds to the case of the hump- 
has the least value. Calculating the corresponding shear stresses and 
the loss in head we found that the small loss in haad corresponds to 
the small shearing stresses (Table 1) which realises the idea of minimis- 
ing the loss in head by using a hump. 


(b) The most effective hump is the one with ], — 100 cm. 


In case of the short length (1, — 70 cm), the hydranlic jump does 
not be completely over the hump (Fig. 12) and hence the loss in head 
in this case will not be the mintmum. 


In case of the long hump, however, where ], = 130 cm, the 
hydraulic jump lies completely over the hump and the loss in head 
within the jump will be small, but the total loss in head = A Ze which 
includes the loss due to the bed eddies produced just downstream the 
hump will be increased due to the big height of hump, y = 9 cm. 
Hence = A Ze in this case also will not be minimum. 

The minimum loss in head corresponds to the moderate length 
(1, =100 cm.) where the hydraulic jump lies completely over the hump 
and in the same time the losses due to the bed eddies downstream the 
hump are not so effective because y in this case is smaller (y — 7.00 


cm) Fig. 12. 


B.— Design of the effective Hump : 

Since the hump is a means of minimising the loss in head, its 
dimensions and slope must be dependent on the Energy of the falling 
water over the weir. This energy is a function of the height of water 
over the crest of the weir h, and the downstream slope of the weir 
surfaces. The relation which gives the dimensions of the hump 


must therefore contain these valuable factors. The values of 


cz A Ze). Sh ye 
(SaZe)s an ( Sac x = for all the experimented plates and slopes 
h 1 


w 
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of the hump at different rates of discharges are tabulated in tables @, 
3 and 4) and plotted in figure 15, where: 


(= A Ze), = the loss in head for the case of the hump, 
(= A Ze), = the loss in head for horizontal bed, 


s,  —— slope of hump, 
s, = slope of weir surface, 
Yn — height of hump, 

and h, = head on weir 


The obtained curve has two limits : 


ray 1S 
(a) For { : 6 
(no hump, ya 


= zero, i.e., for the case of horizontal bed 


@ A Ze), (Z A Ze), - \ 
(EiAcLe), ot (ZO Ze). | 


Sh y : 
(b) For (2 % Zz) -- infinity, 7.¢., for very small value of 
{ey J ¢ 


(2 & Ze), 
tee (Z4 Ze), zetia 


(B44), 
The curve has also a minimum value of —— 
(ZA 


SZe), a hel at 


Since the most efficient hump is that which produces the least 
loss in head, therefore we can design the hump according to the 
formula : 


Vv 
(See) Soe nl “7 Ka | Dee ees 
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In § 2, it was shown that the convenient inclination of the weir 
surface ranges between 10° and 30°. This study was made for a 
standing wave weir with an average surface inclination of 20°. Putting 
in equation (12), tan 20° instead of s,, we get: 


8h age 
tan 90.3 hy == 0122 
y ‘ 3 
y,= 0.22 tan 20 X bh, X |, Me PM en HEED. 
Putting in this equation for h,, the value (h,), corresponding to 
the average discharge Q| where Q, wire x ae ; 
we get y, = 0.22 tan 20 X (h,) J], - ; : ‘ (14) 


This last equation still contains two unknowns namely y and], the 
main dimensions of the hump. To solve this equation, a second 
relation must therefore be given. 


(= A Ze), eh 
values of (EA Ze), against values of ; are plotted in Fig. 16. 


This curve also has two limits: 


] 
(a) For (;") = zero i.e. for h — zero (case of horizontal 


(ZAZe), (ZA Ze), 


“CPE Avie, IM SAcZe eed vs on 


] 
(b) For (**) — infinity, i.e., for a very long hump with respeet 


(= A Ze), 
to length of weir] , =, 72 
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The curve has a minimum value of 
= 2.00. (Curves Figs. 15 and 16 are quite similar) 


Making use of this relation ],/1, = 2.00 or 1, = 2 1, 


x org . ° . . 
2 eT ae 80 and substituting in equation (14), we get: 
2y 
2 w 
= (0.22 tan 20 x (h,), * ———— 
* Oe” ae 


or ¥, 12 04487 x (hy), ., (91) aotisuph lost) (gy 
where y, — height of weir. 


Therefore, for a given slope of weir, 


s, = tan 20, its height y, and its length], are known. Con- 
sequently, the main dimensions of the most effective hump y, and 1, 


will be determined as follows: 


ye eee reer pe ttre (15) 

2y 
and ] = bs 16 
4 tan 20 16) 


Solved Example : 


A standing wave weir of the shape shown in Fig. 17, is 
constructed across rectangular channel of 20 m breadth and bed slope 
of 15 cm/km. It is required to calculate the main dimensions of the 
most effective hump y, and],, corresponding to a discharge of 


62 cubic metre per second. 


Q,,. = 62 m/sec. 


(b,),.. = 1.00 m. 
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be = 700m. 
from equation (15) 
y, =) 0:44ey (hy): 


= 0.44 X 2.50 * 1.0 = 1.1 
y, |= 145m 


and from equation (16) 


2 
] - Ys 


=-2%x7.0=14.0m. 
tan 20 eoeg 


weir surface 


{ 


6 


— A [¥e) oO 
Or aneOennatra ped A 

SONm tT mI DnwDwOM : : 

NNN AHR AW A sen ae (=) (=) 
Depth of live water 

ANnreoeor~n Oo WwW 

On~ntFN=- 0065 

Dn oO oe eer’ Say 

: -OoOo0°0 oo 9 

Fie. 17 


N.B.: Length of hydraulic jump for the case of horizontal 
bed — 13.00 m. (measured from the toe of the weir). 
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TABLE 2 
1, = 70.0 cm. 
Section —50 cm, U.S. Weir. 
a cane ak eT ST NO i Sao a === 
2 

Q t gee (E+ 2) [oe ee) ee “ta 

lit/sec. cm. cm. 7 i 25 cm. “ee ly 
cm. cm. cm. 
35.00 0.90 31.28 32.18 0.49 32.67 9.12 | 1.40 
30.00 0.90 30.10 31.06 0.39 | 31.45 8.30 1.40 
25.00 | 0.90 28.70 29.60 0.30 29.90 1a 1.40 
20.00 0.90 wissen 28.10 0.22 28.32 6.28 1.40 
Section 400 cm, D.S. Weir 
lit/sec. cm. om. |\y +aq}) & 2 T. E. | (2A Ze); (ZA Ze), rie 


ee Ie 


y, = 9.0 cm, 5, = 0.128, 


35.00 0.88 | 22.90 23.28 0.82 24.10 8.57 | 0.93 0.345 


30.00 0.38 | 21.25 21.88 0.71 22.59 8.86 0.93 0.380 


25.00 0.38 | 19.92 | 20.30 0.58 | 20.88 9.02 0.93 0.430 


20.00 0.38 | 17.60 17.98 0.47 18.45 9.87 0.97 0.050 
| 0.94 


y, = 7.0 cm, &, = 0.10, 


35.00 0.38 | 23.75 23.75 0.79 | 24.92 7.75 0.84 0.209 
30.00 0.38 | 22.40 22.40 0.68 | 23.46 7.99 0.84 0.230 
25.00 0.38 | 21.04 | 21.04 0.52 21.94 7.96 0>82 0.261 
20.00 0.38 18.69 18.69 0.42 19.49 8.73 0.865 0.305 


0.84 


vh = 4,0 cm, 8, = 0.057, 


ee i AR a ck SO 


35.00 0.38 | 23.00 23.38 0.83 | 24.21 8.46 0.92 0.068 
30.00 0.38 | 21.93 22.31 0.68 | 22.99 8.46 0.89 0.075 


25.00 0.38 | 20.25 20.63 0.56 | 21.19 8.71 0.895 0.085 


20.00 0.38 18.10 18.46 0.44 | 18.92 9.40 0.93 0.099 


0.91 


i 


eee eee 
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TABLE 3 
lh, = 100.0 cm. 
Section—50 cm. cm. U.S. Weir 
| 2 h 
Q t' h P ve : Ae 
lit/sec. cm | cm. ( y * 2) * aay cm. Ke tea 
| & cm. 
oe 
35.0 | 0.90 31.28 | 32.18 | 0.49 32.67 9.12 2.0 
30.0 | 0.90 30.16 | 31.06 0.39 31.45 8.30 2.0 
25.0 0.90 28.70 29.60 0.30 29.90 te aL 2.0 
20.0 0,90 | 26.20 28.10 0.22 28.32 6.28 20) 
Section 400 cm., D.S. Weir 
| | 
' 
Q t h, |; P vi, (Z Lvze); {2h Tn 
lit/see. cm. cm. (= dao ‘a x ay | T. Ey | (2 Ate) | (Zo ze), | 8 
| | 
| | | 
Yn = 9.00 cm.,S, = 0.09 
35.0 0.38 25.05 | 25.43 0.71 26.14 6.53 0. 71 0.241 
30.0 0.38 23.45 23.83 0.58 24.41 7.04 0. 74 0.266 
25.0 0.38 21-53 21.91 | 0.49 22.40 (AS 0.775 0.302 
20.0 0.38 19.25 19.63 0.39 20.02 8.30 Ue oe 0.352 
| 0. 76 
y, = 7.00 cm., S, = 0.07 
35.0 0.38 24.70 25.08 | 0.73 25.81 | 6.86 0.745 0.146 
30.0 0.38 Zasot Zanre 0.62 24.37 7.08 0.745 0.161 
25.0 0.38 21.40 21.78 0.50 22.28 7.62 0. 79 0.183 
20.0 0.38 19.45 | 19.83 0.38 20.21 8.11 0. 80 0.213 
| | Onin’ 
Yb = 4.00 cm., Si = 0.040 
35.0 0.38 24.50 24.88 0.75 | 25.63 7.04 0.765 0.048 
30.0 0.38 23.30 23.68 0.59 24.27 7.18 0.755 0.052 
25.0 0.38 21.55 21.93 0.49 22.42 7.48 0.775 0.060 
20.0 0.38 19.47 19.85 0.44 20.29 8.03 0.795 0.069 
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| 0.48 


TABLE 4 
1, = 130 cm. 
Section—50 cm., U. S. Weir. 
———————— eee 
d h 
: Q j . (e + a) ey. T. E. on weir a ae 
lite /sec. cm. cm. y m l, 
& cm. 
35.0 0.90 31.28 3218 0.49 32.67 9.12 2.60 
30.0 0.90 30.16 31.06 0.39 31.45 8.30 2.60 
25.0 0.90 28.70 29.60 0.30 29.90 7.31 2.60 
20.0 0.90 27.20 28.10 0.22 28.32 6.28 2.60 
ee ——————s 
Section 400 cm., D. S. Weir 
' 2 (ZAze 8 
Q ee (Are); |e Th 
lit/sec em. cm. iy i 2) a 2, T. E. | (2Aze); (ZAze)), | 8y h, 
Y, = 9.00 cm., S, = 0.069 
35 0 0.38 23.15 23.53 0.91 24.44 8.23 0.895 0.187 
30.0 0.38 21.70 22.08 Deda 22.85 8.6 0.905 0.205 
25.0 0.38 20.35 20.73 0.56 21.29 8.51 0. 88 0.234 
20.0 3.38 18.69 19.07 0.43 19.56 8.82 0.875 0.271 
| | | 0. 89 
y, = 7-00 cm., S, = 0.054 
35.0 0.38 | 23.25 23.63 | 0.89 24.52 8.15 0.885 0.113 
30.0 0.38 22.38 22.76 0.68 23.44 8.01 0.845 0.124 
25.0 0.38 20.35 20.73 0.56 21.29 8.61 0. 89 0.141 
20.0 0.38 18.47 18.85 0.46 19.31 9.01 0.915 0.164 
| 0. 88 
Horizontal bed. (No Hump) (2 4. ze), 
35.0 0.38 22.15 22.53 0.93 23.46 9.21 1.00 
30.0 0.38 20.83 21.21 0.75 21.96 9.49 1.00 
25.0 0.38 19.20 19.58 0.62 20.20 9.70 1.00 
20.0 0.38 17.38 17.79 18.24 10.08 1.00 


So 
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MODIFIED SUTRO-WEIR INVESTIGATIONS 


BY 


AZIZ SHAHWAN (') 
B.E.,M. Eng.,Ph.D.,M. ASCE. 


].—EXPERIMENTAL DESIGN 


SYNOPSIS 


The proportional flow notch or Sutro-weir has that particular 
shape which gives a linear head discharge relationship. This straight 
line fow makes it useful for grit-chamber design and for float controlled 
dozing devices where it is possible to maintain automatically a nearly 
constant velocity with quite large variationsin flow. As itis practically 
impossible to make the weir crest of infinite length, many investigators 
tried some approximate method to limit this length. In this investi- 
gation a similar trial is experimented with and the results obtained 
are exhibited and discussed. 


HisToricaL Review 


According to B. D. Moses (?) in 1915, Sutro was the first to propose 
the use of weirs giving discharges proportional to the heads over the 
weir. The outline of such weirs was developed graphically and not 
analytically. The general shape is such that the theoretical discharge 
is either directly proportional to the head or a linear function of the 
head, provided that the head does not fall below a certain limit. 


E. W. Rettger (*) in (1914), realised the fact that a weir of such 
shape would offer several advantages. He therefore propesed to 
develop analytically the shape of a weir for which the theoretical 
discharge is directly proportional to the head. He made a theoretical 


(1) Assistant Prof. Faculty of Eng, Cairo Univ. Giza-Egypt. 
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approach without any supporting experimental data. He found that 
a weir and whose width at any pointis inversely proportional to the 
square root of the height of that point above the crest could have 
a theoretical discharge exactly proportional to the head F ig. La. 


EK. A. Pratt(*) in (1914), was given the task of developing the 
theory of the weir used by Sutro. In this study, instead of employing 
the simple form in which the breadth of the weir approaches infinity 
as the head approaches zero, (an impractical condition), the base of the 
weir was limited to a convenient length and for a very small height 
the opening was rectangular. 

For water, the minimum height of the rectangular portion 
was suggested to be about '/s’. Pratt derived the equation of the 
curved portion of the Sutro-weir, but no experimental data was 
presented to support his findings. The main object was to determines 
the shape of the weir such that the discharge is proportional to the 
head above a given datum plane Fig.16. He gave the relationship: 


X —b (1 — Jun" /%) 
Tt a 


and Q = Cab by7g (bh —F) 


where == width of weir at a point. 


x 
b == length of weir crest. 
y = height of a point above the rectangular portion. 
a == height of the rectangular portion. 
Q = the rate of discharge. 
h == the head over the weir crest. 

K. Soucek, H. E. Howe, and F. T. Mavis (3) in (1936), provided 
experimental verification for the accuracy of a similar type of weir. 
They conducted tests on eleven Sutro weirs. The tests showed that 


there was a close relationship between the coefficient of discharge and 
the geamatrical proportions of the weir. 


S. A. Greely and W. E. Stanley (°) in (1942), stated that it was 
impossible to make base of Sutro-weir of inifinite length and they 
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suggested that the weir be cut off at some width and the rejected area 
placed below the theoretical crest Fig. 1c. 


O. V. P. Stout (7), stated that for practical reasons, the curve of 
the Sutro-weir must be terminated at some point giving a crest of 
finite length b. The area of the weir opening rejected outside at 
A and A, Fig. 1d is compansated for by two small rectangular 
orifices at A and A, equal to the rejected area, the centres of the 
orifices being placed at the level of the centroid of the cut out area. 


ConpDITION oF New TEstTs 


The new tests were made for a maximum flow of 13 Ht./sec. and 
maximum head of 45 cm., the rectangular portion at the bottom was 
assumed to be 1.0 cm. depth. The weir was designed according to 
Rettger’s (*) equation : 


Equation of the curved outline is 


Kyi se'e 


Figl 


Resecreo 


<P An 


SUT RO-WEIRS 
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and equation of flow is 


where 


lox 
@=K 8 (5-H) 
x = width of weir at any point in cm. 
y = depth of the point above crest. 
c = constant. 
H = Head over weir. 


H, = height of rectangular portion. 


K, = constant. 


=2Cdy2ge 
Cm. 
40 
30. 
MoomurIeo 
SUTRO- WEIR 20 
INVES T16A Ti0d 
1o 
fe) 


WEIR TESTED 


Fie. lL’ 
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Ud is the ceofficient of discharge and has to be assumed as (),62 
for the design according to Cornell tests (°). 


According to the figures asaumed above it was found: 


13,000 
aha. Vas) 
K? 
and C = ; 
4 Cd° 2¢ 
(203.4) 


= ——_—_— = 13.71 
4 (0.62)? X 2X 981 


Hence the equation of the curved outline of the weir was 
x* y = 13.71 


The only point that now remains uncbtained in the design is the 
rectangular portion of the wair and the following ways were adopted 
before, in taking that rectangular portion of the weir: 


H 
1. Rittger® suggested that if es is so small that the square root 


of a in the equation of flow he obtained may be neglected in compa- 


d o., 1 ‘ : F 
rison with 9) then the rejected area in this case could be neglected. 


2. The rojected area has to be compansated for simply by placing 
two equal area 1, 2, 3, and 1’, 2’, 3’, at the top of the curve at cut. 
The hatched rejected area (in figure) is equal to the area 1, 2, 3, and 
Dao 

Generally speaking, the area of the curve bounded by the X-axis 
and the parallel line 2—2’ is the same as the area of the rectangular 
portion of the weir. Here, the theoretical and the actual crest are 
coincident and the full weir area can be utilised. 
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Or area of weir between y = o andy = H, 


Hy 
area Bah 2.x dy 
O 
hes , 
but x 7 Vy 
7, i 
area = 2 egy 
O Vy 
for H, we “TY em 
area ae Vco=A ¥13.17 
= 14.84 sq. cm. 


or the length of crest b = 14.84 cm. 


DEscRIPTION OF APPARATUS 
The apparaturs was arranged as shown in Fig. 2, water was drawn 
from the constant level over-head tank through the 4’ pipe system 
to the apparatus. The flow was regulated by means of a apecial globe 
valve, and the diffuser at the pipe and together with the horizontal 
strainer above it assist the steadiness of flow. 


The flow through the weir was collected into the tank at the 
bottom of the apparatus, then left it through a swivelling chute to the 
measuring tank or to waste. A gauge tube was mounted in the front 
of the apparatus to show the water level or the pressure-head inside 
the apparatus. The point gauge fixed to apparatus side from inside 
is to establish datum for the weir creat. The weir shape was cut 
out in the 4 brass plate by means of a mechanical saw and the sides 


were made sharp-edged by hand filing. 


EXPERIMENTAL OBSERVATIONS 


The crest level was located on the head scale board simply by 
adjusting the inside gauge point to the crest level by the aid of a 
straight edge and a spirit level and filling the tank with water to that 
level and reading the scale gauge to give the crest level reading. 
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Tests were then made under the following conditions : 
Range of head (over crest) : from 2.14 to 39.3 cm. 
Range of rate of discharge : from 0.708 to 13.07 lit/sec. 


Number of tests : 41 
The theortical discharge was based on Rettger’s(*) formula for 


the flow: 
T H 
1 


(Mooereo Surro-Weir 
APPA RATUS 


WeiR FLATE 


1-NeasuRrine TANK 


2-Wasre Wa TER 
3-wWer TANK 
4-SuPPLY FiPE 

5- Dit USER 

6- SrRAINER 

7- Hao Scatg BoARD 
8-DEPTH ScALE Boakp 
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Coan Bai ; sol 
in which the value of FA 18 80 small that its square root is negligile 


in comparison with ay . The departure from proportionality is 


represented by the ratio: 
#H, aunt 
== Wy H 


sed 
2 


Thus, even when a — 0.022, the percentage departure from 
proportionality is about 9.5 % which is expected to be improved by 


compansation for the rejected area. The formula for the flow is: 
T 
Qt =— Kk, g H = 0.58 H 
where Qt in lit/sea ; H in cms. 


Moorered Suef Ro- WER 


oO 
eS }+ CoR@NELL TEST 
igs G—2 INVESTIGATION 
RM 
13 cane Nooir ED S.\WeiR 
,2 
0.664 : 
iS 


: +, —[ae 8 he ra ier 
a | i - | | 
c) 4 
2 e ‘ we 
6.60- MRR ee) 


The coefficient of discharge was calculated for each head and the 
average value was found to be 0.624. The coefficient of discharge Cd 
was plotted against the head and the curve is shown on (sheet No. 1) 
On the same sheet the values obtained by Coronell test (*) were 
plotted for weir A and weir B. In comparing the results, the new 
values of Cd were consistent with those obtained by Coronell. 
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CompaRISON BETWEEN THE ACTUAL AMD IpgaAL CasEs 
The theoretical equation of flow is 
Q, = 0.53 H (H in Cm.; Q, in lit/Se.) 
The ideal equation of flow is 
Q, = 0.624 X 0.53 H= 0.331 H _ (lit./sec.) 
Let @Q = actual measured discharge in lit/sec. 


The ideal equation of flow was plotted, taking the head as 
ordinate and the discharge as abcissae, to be the ideal flow curve. 
The observation points were plotted on the same sheet and it was 
noticed that they nearly follow the ideal curve. Sheets 2 and 3 show 
the ideal curve and the observation points. 


Curve Fitting : 


To get the equation of the straight line to lie evenly among st 
the observation points the method of zero sum(*) was adopted. 
We arrange the observations in order of H and devide them into two 
equal sets. We then add up the Q’s and the H’s of each group 
now, the followiug equations have to be solved : 


Shes Bea yb : ; (1) 
ro et Miale tomb iit tila tf. 4 BAe 


where 2, Q = 7414 


=, Q = 205.19 
=, H = 223.77 
=, H = 621.27 


n = number of observation points a and b are constents 
in equation : 


Qn =aHib 
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The equation of the straight line to be evenly amongst the 
observation points is: 


= Rol eu ieee ee (a 


where (Q,, is in lit/sec. and H is in cms. 


The diseharge was calculated for each head from the ideal 


equation : 
Q, = 0.331 H 


the maximum percentage difference between the calculated and 
observed discharge was found to be 3.11% at low heads while the 
minimum percentage difference was zero and it should be noticed 
that the average percentage difference was 0.73 % 


Again, the discharge was calculated for each head from the 
equotion of the straight line whose equation is (a): the maximum 
percentage difference between the calculated and observed discharge 
was found to be 4.39 Y at low heads while the minimum was 0.09 % 
and the average percentage difference was 0.82 % . 

The ideal straight line equation and the equation of the straight 
obtained by the zero-sum method gave nearly the same discharge under 
the same head, the maximum percentage difference between the ideal 
Q, and the straight line Q,, was 1.84 at lowest head and the minimum 
percentage difference was zro while the average percentage difference 
was 0.24 % 


Effect of Small Error in Measurement of Head: 


The head H over the weir crest may have an error + 4h where 
A h is the limit of absolute error for H that can be obtained. It is 
now required to find out the corresponding limit of absolute error 


A Q for the discharge Q. 


If H changes from (H — Ah) to (H + Ah) and accordingly 
Q changes from (Q — 4Q) to (Q + 4Q) was can say that 


AQ Tk BL 


From Curve 


tan 9 = 2 
or ere Q Q 
tan oa) 
We ik 
x AQ 
Let Rk, = relative error in Q 
r She Oh 
= gn oe a Ge 
ee 
or Ro = 7g ob 


applying this theory to the weir under discussion we can say that: 


The ideal equation is 


Q, = 0.331 H Q, in lis./sec, H in em. 


d 
Q, — dQ (Q)) = 0,331 
In measurement of head over the crest, the readings were taken 
to the nearst millimetre. In other waids, the limit of absolute error in 
H was 1 mm. where H is measured iscm. ie. Oh = 1mm. => 0.10 cm. 


NO eRe ea vm Ep OH si Be 


This will be the equation for the relative percentage error in 
measurement of discharge for a constant limit of abselute error in H of 
A h = 0.10 cm. The relative percentage error Ry was calculated for 
each discharge and the calculated values were plotted against Q, as 
shown in (Sheet No. 4). The maximum percentage error was 3.31 ¥% at 
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loweat discharge while the maximum percentage error was about 0.25Y 
This result, which gave nearly the same value for the maximum 
percentage error and the maximum percentage difference between the 
actually measured discharge and the calculated ideal discharge (3. 11%). 
is a good verification for the theory of error in measurement. } 


The Study of the Attainment of Fixed Water Level: 


The proportional flow weir tank was set to work and the discharge 
was changed as quickly as possible to 11.8 lit/sec. causing the head to 
rise from 27 cm. and the head was recorded every 10sec. a curve for the 
head in cm. and time in minutes was plotted as shown in (Sheet No. 5). 


Discussion of Results: 


From the results previously exhibited the following points should 
be cleared up in this discussion: 


1. For such weir, the ideal curve or straight line is practically 


coincident with the mean straight line obtained by the zero-sum method 
if applied to the observation points. 
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2. Due to the fact that the observation points practically le on 
the ideal flow straight line also on the mean straight (lying evenly 
amongst them,) it could be said that they form a linear relationship 
between the head and the dischargewithin the full range of the 
usable head. 


3. The theory of error in measurement gave a good forcast for 
the maximum percentage error expected for the ideal equation of 
flow and the results obtained were practically the same. 


4. The coefficient of discharge of such weir was nearly constant 
except at low heads, and generally speacking it was consistent with 
the values obtained by Coronell. 


5. If a curve for the percentage head (as ordinate) against 
percentage discharge (as abscissa) is plotted for the weir, it can be 
deducted that the proportional flow weir is suitable for nearly the 
full range of head. This curve is show in (Sheet No. 6). 


6. For the proposed weir, the head was measured above the 
theoretical crest or in other words the theoretical and actual crests 
were coincident. 


Conelusion : 


The proposed modification for the Sutro-weir which is simply 
compansating for the rejected area by introducing a rectangular area 
equivalent to area of the Sutro-were bounded by the theoretical crest 
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SHEET 6 


PERCENTAGE OISCHARGE 


iL. 60 50 


and a parallel datum at a height H, which should be as small as 
practically possible, this modification proved to give good result for 
a very nearly linear relationship between the head and discharge 
within the full range of head over the weir crest. The error in 
measurement of the head and discharge can be minimised by improving 
the measuring instruments. 


Il.—DETERMINATION OF DISCHARGE COEFFICIENTS 


SYNOPSIS —o 


The author proposed (!?) a modification for Sutro-Weir which is 
compansating the rejected area by introducing an area equivalent to 
the area of the weir bounded by the theoretical crest and a parallel 
datum at a small height H, , this modification proved to lead to good 
results for a very nearly linear relationship between the head and the 
discharge within the full-range of head over the weir crest. In this 
investigations, fourteen weirs of the modified type were tested in the 
Hydraulics Laboratories of the Faculty of Engineering of the 
University of Khartoum-Sudan, with a view of obtaining their 
discharge coefficients. 


4 
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INTRODUCTION 


The theory of the Sutro-Weir was published by EK. A. Pratt(*). 
For heads greater than a the rate of discharge is directly proportional 
to the quantity (H—a/3). 


Practically, Q = C a@.b (2e (H—al3y: 


also x/b = 1 — 2/m are tan yf y/a 
where Q — rate of discharge, 
C = discharge coefficient, 
a == height of the rectangular portion. 


b = width of crest, 


x 


| 


width of weir at a point, 


y = height of a point above the rectangular portion, 


Messrs E. Soucek, H. E. Howe and F. T. Mavis, (°) found that there 
is a close relationship between the coefficient of discharggeand the 
geometrical shape of the weir. They exhibited their results in the 
form of a nomographic chart for the discharge coefficients, the heights 
and lengthes of the rectangular portion. 


The weirs tested in this investigation were designed according to 
the following equations ; for the curved outline of the weir, 


x? yr5.c . . : : . . ° ° (1) 
the Head over the weir is given by, 

Qi ee Bate : 5 : P (2) 
wherei’: Ko Od Y2g'e 


Cd = discharge coefficient 
c == constant 


The dimensions of the rectangular portion a or H, and b which 
were the ruling dimensions in the equations given by Pratt(*) are 
missing in the new equations. 
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ConpDlITIONS OF TESTS 


The tests were made for maximum flow of about 21 lit./see. and 
maximum head of 30 cms. The weirs were designed according to 
Rettger’s(*) equations : equation for the outline of the weir, 


xy a= C5 Y 
and the flow is give by the equation, 
Q =K, H (w2— /H/H) 


where H, = height of the rectangular 
portion 
Area of curve between y = 0 and 
y = H, is given by, 
H 


Hy : apa j n 
A = foxy f Ve/y dy bye ea 


As H, is small with respect to H, the theoretical flow equation is 


given by 
Q, — m2 K H 


where K = \2ge 
Table 1 gives all data for the tested weirs 


TABLE 1 
ee eee eee 

Weir Value H, b ae Ove 

No. of c cms. cms. he Seen 
1 57.880 0.61 19.52 Non—Symmetric 0.529 
2 130.524 0.61 29.28 Non—Symmetrie 0.795 
3 229.820 0.61 38.80 Non—Symmetric 1.055 
4 63.838 0.61 40.87 — Symmetric 1.112 
5 57.880 1.50 12.42 Non—Symmetric 0.529 
6 130.524 1.50 18.45 Non—Symmertic 0.795 
7 229.820 1.50 24.39 Non—Symmetric 1.055 
8 63.838 1.50 26.09 Symmetric 1.112 
9 57.880 2.50 9.60 Non—Symmetric 0.529 
10 130.524 2.50 14.40 Non—Symmetric 0.795 
11 229.820 2.50 19.15 Non—Symmetric 1.055 
12 63.838 2.50 20.20 _ Symmetric 1.112 
13 229.820 4.C0 15.125 Non—Symmetric 1<055 
14 229.820 6.00 1235 Non—Symmetric 1.055 


x and y are in cms. 


Qt in lit./sec. and H in cms. 
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DESCRIPTION OF APPARATUS 


Figure 3 shows the arrangement of apparatus used. Water from 
a constant supply is allowed to run through the rectangular flume LI 
and then over the weir plate 1 held at the end of the flume. 
The sluice valve 4 is to regulate the flow. The perforated outlet 
pipe 5, the stilling basin 10 and the wire-mesh strainers 3 are to 
ensure steadiness of flow. The tapping 6 is especially designed to 
give the average depth in the flume upstream the weir, and the point 
guage 8 fixed to the side of the flume is to fix the crest level and 
give the zero reading on the head scale board 9 for the measurement 
of the water surface elevation above the crest. The flow over the 
weir was collected, through a swivelling chute, into the under-ground 
measuring tank whose caprcity is about 14,000 litres. The water 
temperature was measured near the weir plate. Weir plates were cut 
out of sheet iron 3/32 inch thick. The boundries of each opening 
were carefully marked, the opening was then cut out roughly with 
a jig saw and accurately filed to the required shape. The plates were 
securely braced on the downstream side to prevent any possibility of 
distortion in shape. The weir plate was bolted to the face of the flume 
with countersunk bolts and all rough edges in the approaches were 
carefully smoothed with modeling clay. In each test the weir crest 
was located approximately 39 cms. above the floor. The outlines of 
the weirs tested is to quarter scale on figures 4, 5, 6, and 7. 


EXPERIMENTAL OBSERVATIONS 


The crest level was located on the head scale board simply by 
adjusting the inside guage point to the creat level by the aid of a 
straight edge and a spirit level and then filling the flume with water 
to that level and reading off the seale board to give the zero or the 
crest level reading. For each test the water surface was given enough 
time to get steady before taking the reading and the water collected 
during the one test was over 2,000 litres or for a period of 5 minutes 
with small rates of discharge. Phote 1 and 2 illustrate how the nappe 
is comming out of a non-symmetrical and a symmetrical weir. 


Pxoto 1 
Non—Symmetrical Weir Under Tes 


ob. 


PHoto 2 
Symmetoical Weir Under Test. 
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The observations for the head above the weir crest in cms. were 
plotted against the actaully measured discharges for the fourteen 
different weirs as given in sheet 7. From the curves already obtained 
in sheet 7 the following can be summarised : 


(a) The observation points of weirs having the same curved out- 
line equation and the same theoretical flow equation have practically to 
lie on one curve. 


(6) The observation points again ensure the linear relationship 
for the head and discharge of such weirs. 


It can be said that the weirs tested are to form between themselves 
four groups. Each group has a eommon equation for the curved 
outline and the same flow equation. 


Grove I Includes the weirs Nos. 1, 5, and 9, they have: 
flow equation Q, = 0.529 H lit./sec. 


outline equation x*y = 57.880 x and y in cms. 
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Grove 11 Includes the weirs Nos. 2, 6, and 10, they have: 
Q.. == 0398 A lit. fsec. 


x and y in cms. 


flow equation | 


outline equation x’y = 130.524 


al Lone 


Group III Includes the weirs Nos. 3,7, 11, 13, and 14, they have: 


flow equation Q, = 0aoG lit./sec. 


outline equation x”y = 229.820 x and y in cms. 
The first three groups are of the non-symmetricn] weir type. 
Group IY. Includes the weirs No 4, 83, 12, they have: 


flow equation Ay = a eae lit./sec. 


outline equation x*y = 63.838 x and y in cms. 
These weirs are of the symmetrical type 


The evaluated discharge coeflicients were plotted against the head 
for each group snd they are given on shests (8, 9, 10, and 11) for 
groups I, II, III, 1V respectively. Again, the total average value for 
the discharge coefficients for each group were plotted against the value 
of C in the equation of the curved outline as given on sheet 12. 


Discussion oF RESULTS 


Briefly the above tests lead to the following conclusions : 


1. Figure 7 ensures that for the whole range of head up to twice 
H, the linear head discharge relationship exists. 


2. Curves 8 to 11 show how the discharge coefficient is nearly 
constant for the full range of the tested heads. 


3. Curve in fig. 12 show that the discharge coefficient varries with 
the value of C in the curved outline equation or in other words varies 
with the geometrical shape of the weir. It can be said, from fig. 12, 
that the smaller the value of © the bigger the discharge cofficient 
will be. 


5. Values of Cd for the symmetrical weirs were one per cent less 
than those for non-symmetrical weirs of the same value of C, 
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CoNncLUSIONS 


This investigation leads to the fact that the discharge coefficienl 
for the Modified Sutro-Weirs depends mostly upon their geometrical 
shape. The dimensions of the bottom rectangulrr portion has a slight 
effect on Cd. The curve given on Fig. 12 can be used in obtaing a 
reasonable value for Cd for a give value of C which is accurate enough 
for the design purpose. The discharge coefficient for the symmetrical 
weirs may be taken as one per cent less than that for a non 
symmetrical weir having the same value of C. 


I].—EFFECT OF SUBMERGENCE 


SYNDPSIS 


The question of submergence is important in weir flow analysis 
whatever the shape of the weir is. For sharp crested wiers of the 
normal shape the effect of submergence has been studied by J. R. 
Villemonte (!°) and also by F. T. Mavis ("'). For the Sutro- Weirs of 
the modified form as suggested by the author(!*), the flow under 
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submerged conditions is the object of this paper. Tests on four 
different weirs of this type were made in the Hydraulics Laboratories 
of the Faculty of Engineering of the University of Khartoum-Sudan. 


INTRODUCTION 


In case of sharp-crested weirs of any type become submerged, 
Villemonte ('°) formula: 


Q ps Q, (1 a AN 


provides a simple method of evaluating the flow under submerged 
condition, where : 


Q = the actual discharge, 

Q, = the discharge at the same head without sabmergencse 
S = the submergence ratio, = hd/hu, 

hd — downstream elevation above crest, 

hu — upstream elevation above crest. 

n = the power to which the head is raised in the free flow 


equation: Q — K H" 


If the formula is applicable for the modified Sutro weir tested, 
the exponent n in the Villemonts formula may be put as equal to one 
and the formula can be put in the form: 


where m for all other types of weirs tested by Villemonte is equal 
to 0.385. 


DESCRIPTION oF APPARATUS 


The same apparatus described in part IL was used for this study. 
Figure (3) shows the apparatus under submerged condition. 
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EXPERIMENTAL OBSERVATIONS 


The weirs tested were made according to the following data: 


TABU A 
Weir No 1 2 3 4 
Shapesor weir. 272 0. 7 Non-Sym. Non-Sym° Non-Sym. Symm. 
Curved outline X?Y = \ 57.880 130.524 229 .820 63.838 
(X and Y in cms.) 

Ra ‘ H, (cm.) 0.61 0.61 0.61 0.61 
Ore ES ont) 19.52 29.28 38.80 40.87 
Flow Equation: K 0.529 0.795 1.055 ri E2 

Q=CKH 
lit/sec cm, ( av. Cd 0.644 0.635 9.627. | 0.635 
! 


The weirs were calibrated and the calibration charts are given in 


sheet (1%) while the average discharge coefficients are given in table 
(1) above. 
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With a certain free flow, the downstream water surface level was 
raised little by little until it submerged the weir crest. When the 
steady conditions were attained, the upstream and downstream water 
surface elevations above the crest were read off the head sclae hoard. 
Again, the downstream water surface level was raised for a second 
reading and so on. Tests were made under the following conditions : 


TABLE 2 
eee 
% age of Range of 
Weir No. of submergence flow lit/sec No. of 
ae discharges pee Ge © es tests 
tested from to from to made 
1 7 4.8 84.0 5.433 9.033 31 
2 6 10.9 85.2 3.180 12.810 31 
os 7 6 9 93% 1 5.458 16.778 35 
| 
4 7 2.3 92.1 | 4.367 | 17.056 30 


Photo (3) shows the non-symmetrical weir No. 3 with the nappe 
disturbance at a low % age of submergence. 


Photo (4) shows the symmetrical weir No. 4 with the nappe 
distuabance at a low % age of submergence. 


Photos (5) and (6) show the submerged flow of the same weirs 
Nos. 3 and 4 under a big % age of submergence. 


Sheets (14), (15), (16), and (17) are sets of curves for the up- 
stream and downstream water surface elevations above the crest for 
the four weirs Nos. 1, 2, 3, and 4 respectively. The values for the 
free flow Q, were taken from the head dischargs curves resulting from 


the calibration of the weirs and given on sheet (13). 


The quantities log. (3) were plotted against the quantities log 
1 


(1 —$) to obtain the vaiue of the exponent m. Nearly all the 
observation point practically lie on one straight line whose inclination 
was found to be 0.386 which agrees to a great extent with the value 
obtained by Villemonte (!°). 
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RESULTS AND CONCLUSIONS 


The results already exhihited show that the sharp crested modified 
Sutro-weir when becomes submerged, its flow can be evaluated to a 
great degree of acouracy by the fotmula: 


Q cae Qa a— Sy 
also it is possible to find out the submergence ratio S for a given 


discharge ratio Si vice versa. 
it 
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Key or SymBous Usrp 


The letter symbols adopted for use in this paper defind where 
they; first appear, and are listsd here for convenience of reference. 


x, X = width of weir at a point. 
y, Y = height of a point above a certain horizontal datum. 
b == length of creat of a weir or a constant. 


a == height of rectanguler portion or a constant. 


c == constant. 
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actual rate of discharge. 

a certain discharge. 

height of rectangular portion or constant. 
head over the crest. 

upstream water surface elevation above crest. 
downstream water surface elevation above crest. 
suhmergence ratio H,/H,. 

constant. 

number or power. 

coeffiient of discharge. 

theoretical discharge. 

ideal discharge. 

rate of discharge. 

first derivative of Q. 

sum of Q’s. 

sum of H’s. 

limit of sbsolute error in H. 

limit of absolute error in H. 

limit of relative error in Q. 

acceleration due to gravity. 


angle. 
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CONCENTRATED FORCE PROBLEMS IN THE 
TRANSVERSE BENDING OF ELASTICALLY 
RESTRATINED PLATES 


BY 
W. A. BASSALI (!) and R. H.. DAWOUD (?) 


This paper deals with the effect of an elastic boundary constraint 
upon the deflexion, bending and twisting moments and shearing 
forces in thin isotropic plates acted upon by concentrated normal 
forces. ‘The complex variable method for solving the biharmonic 
equation is here applied to two problems. In the first we deal with 
the circular plate subjected to a general boundary condition including 
the rigidly clamped and hinged (simply supported) edges. The 
second problem is that of an infinite plate elastically restrained at an 
inner circular boundary, its outer edge being free. Typical curves of 
deflexion, moments and shear forces are plotted. 


NoMENCLATURE 


The following nomenclature is used in the paper 


C Circular boundary of plate. 

= Radius of circular boundary. 

Ww Deflexion of mid plane of plate. 
D Flexural rigidity of plate. 

> Cartesian coordinates. 


(') Assistant Professor of Applied Mathematics, Faculty of Science, 


University of Alexandria, Egypt. 
(2) Assistant Professor, Department of Mathematics, Faculty of Engineering: 


Cairo University, Egypt. 


205 


— 206°— 


r,.0 Polar coordinates. 
n Poisson’s ratio. 


—p=M_/M, Ratio between bending moments at any point on C. 


A, y,m,k Restraining parameters. 

K ; Dimensionless quantities defining deflection of mid surface 
8,, 5, 5,; } of plate, bending and twisting moments, shearing forces 
Y > You Ys8 and vertical reaction ; see equations [34] and [37]. 


Ms M,, Ms M, Bending moments per unit length. 


M > Mee Twisting moments per unit length. 
Q., Qe 5 yi Shearing forces and vertical reaction per unit lengtn. 


p= (1—n)/ +a) k= Pe KDI Ss 
vot ee rl ee 


PoP re. ari & See ener 
ai ae x) iy re? .,. a= xi 1y,., Zee ee 
2 exif ay 


q =tfeaef , parle, «2x 


Other symbols are defined as they appear in the text. 


INTRODUCTION 


Methods using complex variables have been applied to plate 
proplems by many writers. A particular form of the boundary condi- 
tion defining certain types of constraint at the boundary of a thin 
isotropic plate has been introduced by the authors (1,2) (1). This 
condition assumes that the ratio between the boundary bending 
moments M_ and M, is constant at all points of the boundary. In the 
special case of a circular boundary it is fouud that this condition agrees 


(:) Numbers in parenthesis refer to the bibliography at the end of the paper. 
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with Reismann’s condition (3) in which he assumed that the boundary 
of the plate is restrained against rotation according to a linear law, 
i.e. the slope of a line normal to the boundary and tangent to the 
meridian plane at the boundary is taken proportional to the radial 
bending moment. 


The problem of a transverse isolated load at any point of 
a clamped circular plate was solved in different methods by Clebsch (4), 
Michell(5) and Fliigge(6). Schmidt(7) obtained a solution for 
a clamped circular plate uniformly loaded over an eccentric circle. 
A series solution for the hinged (simply supported) circular plate 
under a concentrated force was given by Féppl(8). The method of 
complex potentials was applied by Dawoud(9) to solve the problem 
of an eccentric isolated load under certain boundary conditions. 
Applying Muskhelishvili’s Method, Washizu (10) got the same results 
for the clamped and simply supported boundaries. Reismann (3) 
used an infinite series solution in polar coordinates to consider the 
effect of an elastic boundary constraint upon the deflexion, moments 
and shearing forces at any point of a thin circular plate acted upon 
by a concentrated normal force 


In this paper the complex variable method is first used to solve 
Reismann’s problem and the same method is then applied to the 
problem of an infinite plate elastically restrained at an inner circular 
boundary, with outer edge free, and loaded by a transverse force at 
any point. A solution for the latter problem was obtained by 
Symonds(11) when the inner circular boundary is clamped while 
Dean (12) treated the case of an inner clamped elliptic boundary. 


The general assumptions relating to the bending theory of thin 
plates are adopted. The two problems discussed show that the 
method of complex potentials represents a considerable gain in 
algebraic simplicity over previous methods. 


Numerical results for a certain position of the load are presented 
in the form of typical curves of deflection, moments and shear 
forces. 
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ConDITIONS AND STRESSES ALONG a CrrcULAR BOUNDARY 


The transverse displacement w at any point z of the mid plane 
of a thin elastic isotropic plate satisfies the biharmonic equation 


4 
oie ak eee ts 4 1 : i x (1) 


Aran. 7» 
where p is the transverse load intensity and D is the flexural rigidity 


of the plate. 


The general solution of Equation [1] is expressed in the form 


w—2Re(zo(z) + H(z] +W,%) .- ; (2) 
where o (z) and w (z) are two analytic functions and W (z, Z) is 
a particular integral of [1]. 


Our first boundary condition is that the plate is supported such 
that w = 0 along its boundary C. The second boundary condition 
used here is that introduced by the authors in a previous paper (1, 2). 
Over a circular boundary r = ¢, this condition is 


M/M,= constant, —u,say : (3) 
In terms of 9, y and W this condition takes the form (1,2) 


2 2 
Re| a {z 9" io Cy" to WD). 2 — 2 | =vorer0,(4) 
c OZOZ 


where A=BP(u—1)/(pt+]l) , B= CT nie aay (5) 


and dashes denote derivatives with respect to 2. 


We also note here that in terms of the usual polar coordinates 
(1,8) the boundary condition (3) reduces to 
Ow 


font see? Govern = c. . . (6) 
c r 


ow 
ar’ 


— Ze 


where ye sou (L eA) / Cla Ad &: : ; : : ; (7) 


Over this circular boundary we have 


M M D 
sag llc crk EO SOE fa ea Se (8) 
gree allan sia a ly tariik* lay po | 
ag BP DAW ane : 
Lee Nias itleental a Oat) ; ; ; eh 
If we now put y—-n=k, . , : ; ; (10) 
equation (8) shows that 
k D 
Nha AGM a over the circular boundary . (11) 


This agrees with Reismann’s condition which assumes that the 
slope of a line normal to the boundary and tangent to the meridian 
plane at the boundary is directly proportional to the radial bending 
moment. 


In the problem of a thin circular plate under normal loading the 
dimensionless restraining parameter k varies from 0 for a simply 
supported boundary to co for a clamped boundary so that from (10) 
we must have 


leauge. ate 1s i ee ted. ., (12) 


and from (5) and (7) we get 
serih Bhool tn ha lh ae : ; , : (13) 
If an infinite thin plate is supported along an inner circular 
boundary subject to the condition (3), which reduces to (11), the 


parameter k varies from — co to 0 (corresponding to the clamped and 
simply supported boundaries respectively), so that in this case we have 


—coc<v<yn;—ograc—fand lAKoo. (14) 


14 
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ELASTICALLY RESTRAINED CrRCULAR PLaTE UNDER 
AN Eccentric [soratep Norma. Force 
Let a normal force F be applied at the point Q = (f, 0), f<c, 
of a thin circular plate of radius c and boundary C and let Q’ = (f, 0) 
be the inverse of Q with respect to C so that ff—=c”. If P is the 


point z = re’ of the plate, then with the notations of Fig. 1 we put 


Vig, 1 


ZeGeoye Re VPS pee eke 


so that for all points on C we have 


—e ll 


NI 


pie hd 

DAW Aaiash 7 

It has been shown (9) that if w = 0 over C, the analytic functions 

o and due to an isolated force F at (f, 0) are of the form 
o (z) =a [zG (2) + Z log (c Z/f 7’)], 


(2) =a [c?G (2) + fz log (¢ Z/£Z/], (17) 


where a = F/16 m D and G (z) is regular over the whole plate and 
is determined by the boundary condition. 

Substituting from (17) in (4), taking W (z,z) = 0, and using 
(16) we have 


= 
Re [(1—A) z G (z) + G(z) +£' (1A ) (1-q?\/Z' +4. (1-q”) ] = 0 on, 


where gq =f/c = c/ff’. 


This condition can be satisfied by equating the expression between 
the square brakets to iK’, where K’ is a real constant that can be 
dropped since it contributes nothing to w. Putting 


G(z) +4401 —q?) =H), z=tf',1—rA=I1m, (18) 
we obtain the linear differential equation 


dH/dt+mH/t + (l1—q*)t(1—t)=0. . ~ (19) 
Solving this equation we get 
Hw) =(q¢—-1 1 (t)+K Oo ™ t=, 
where K” is an arbitrary constant and 
t m—1 


has t oat 
a (per Uf ede 2 aim?! | <1.(20) 


ran = 


When A <1, we have m > 0 and for G (z) to be regular at 
z = 0, the constant K" must be zero so that 


G (z) =4$ (q?—-1) [A+ 21, (H)),t=2/f . (21) 
For a clamped boundary A = 1, m = co so that Equations (20), 
(21) and (18) give. 
G (7) = 4(q?-1), H@=0. 


These results for the clamped boundary may be obtained by 
solving (19) and (18) with m= coandA=1, 


The deflexion w is obtained on substitution from (21) and (17) 
in (2) and we find 


F cR > 
Nae [ #* tog Rte r)d-4’) | 
(22) 


la 
Tee reno 3 (ri )s eee | 
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This agrees with Reismann’s result (3) on expanding R? log R’and 
noticing that A= (n+ k — 1)/(n + k +1), 2m =n+k+t1 and that 
Reismann uses the symbol v for Poisson’s ratio (instead of our yn), 
Numerical results as calculated by Reismann will be found in his 


paper (3). 


Putting A= 1 and \ = successively in (22) we get the solutions 
for the clamped and hinged (simply supported ) boundaries respectively. 
Washizu (10) obtained the same results by applying Muskhelishvili’s 
method. 


LARGE PLatTE EvASTICALLY RESTRAINED AT AN INNER 


CrrcoLaR BouNnDARY 


Consider an infinite thin plate with an outer free edge, bounded 
internally by a circular boundary © of radius ¢, and acted upon by 
» normal isolated force F at a pointQ=(f, 0),f>c. TfQ’=(f, 0) 
is the inverse of Q with respect to C so that ff — c” (see Fig. 2), then 
the relations (15) and (16) will still hold here. 


p 
fr 
al Gao. 
eye a 3 / 
| @\ cae 
| Le Ae 
|  Q 5 ‘ 
f= 


Fie. 2 
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For the analytic functions 9 (z) and y (z) let us assume tentatively 
that 
o (z) = al[zG(z)+ Z log (cZ/tZ’)], 
y (z) =—a [c?G (z) + £Z log (cZ/£Z’) + Ac” log (2/c)], i) 


where a — F/16 17D, A is a real constant and G (z) is regular 


over the whole plate. 
Substituting in (2) taking the particular integral W — 0 we get 
w—2a [(r? —c*) Re G (z) +R? log (cR/ER’) — Ac? log (r/c)], (24) 
which satisfies the two requiremeuts that w — 0 over C and that near 
the load point Q, the singular part of w is given by — R? log R 
as it should. 


We have now to determine the function G (z) to satisfy the 
boundary condition (4) which, on making use of (16), leads to 


Re ((1 —A)zG' (2) + G(z) + $A (1 — A —q’) 
+ f' (1—q’) (1—A)/Z’'] =0 along C, 
where q = f/c = c/f’. 

This condition can be satisfied by equating the expression 
between the square brakets to iK’ where K’ is a real constant. 
It is however clear from [24] that a term iK’ in G (z) will lead to 
w = 0 everywhere so that K’ can be taken zero. Putting 

G (z) +44 (L—q?— A) = H(z), z= f'/t, 1—A = 1m, (25) 
we obtain the differential equation 

dH/dt — mH/t + (1 — q?)/(1 — t) = 0. (26) 
whence H (z) = K"t™ + (q” Lys mb (thet = ey : (27) 
where K" is an arbitrary constant of integration and 


t 
m t co n 
Jia (t) =t Jyat=2 ay et ih Pc alt (28) 


m 
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From (25) and (7) we see that m = }4(1 + y), and using (14) we 
have — co < m } (1 +n), so that in this case m does not take 
positive integral values (since n < 1). 


It only remains to satisfy the condition that the outer edge of the 
infinite plate is free. This requires that M,~> 0 and that also 


V=Q = en -> 0as |z| co. It is however obvious that 
8 


for an infinitely large plate the solution is independent of the part- 
icular boundary curve of the outer edge. Taking this outer edge as 
a circle of very large radius we see that the previous conditions may 
be taken as 


Leu. 
M. > Qand vo Beith ete — (Oas | Z | == T > eo, (29) 
r 


The moments and shearing forces at any point of the plate are 
calculated from the formulae (2) 


pies oh (ie ae +2 : On 
eee = zi uate B heen 
M, (on) e [20° a ¥ ts Sa q 


Ze 
Mg—-2D1-nim [ze m+ zu @], | 
° Z n 
Q. = are = OU ee 


Substituting from (23), (25) and (27) in (30) we find that to 
satisfy the conditions (29) and to insure a single valued solution for 
fractional values of m we have 


Ki =0,%A=201—G9 + 2 loo. ee 
Equations (25) and (27) will then give 


Ga) logy + (In OZ) (32) 
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Substituting from (31) and (32) in (23) and (24) we can express 
the functions 9 and w and the deflexion w in the forms 


@(z) = a[zlogq + Z log (cZ/fZ') \ 
+ (q?7—1)2dm (f/z)] , | 

w(z) = —ac*[logq+ (qZ/c) log (cZ/fZ') * (33) 
UG +L) doth /Z) e 4 eq 
+ (2/A) log q} log (z/e) ], J 

w Khe (Dk = Ry Ke. i 


where Sm Ky = 4 (q’ +p? — 2 q p cos @) X 


q? +p” —2qp cos @ 


log +(q?—1 —log q) log p 
re Se D 
i 1 fe) qpcos 8 , (34) 
+ (p* — 1 — log p) log q , | 
= 2 | 
8uke= 7 log q log p 
ehageetie(a” g W)eCar(p., 9) (; ) 


a aa u Ere ei (pgie © conn 6 
q se tie spi= rie, U tee eae n—-m 


. (35) 


It is now clear that the deflexion w given by (34) is a symmetrical 
function of the pair q, p so that the known reciprocal relation which 
ean be written w (q, p) — w (p,q) is satisfied and that also 


w (p, 8) = w (p, — @) as is expected from the symmetry of the 
problem. 


1 
It also appears that the part K, depends on the parameter m — Tez 
representing the type of constraint at the boundary and that it vanishes 
for a clamped boundary for which A = 1, m -—- — co. Thus for 
a clamped inner circular boundary our result for w agrees with that 


obtained by Symond (11) and by Dean (12). 
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From (34) we see that the deflexion coefficients K, , K, at the 
load point Q (p = q , 9 = 0) are given by 


4a K, = (q° — 1 — Jog q) log gq , 


2 - m 2 nel eee 


| 
Ce} —2n 36 
ine Hog, a) TLS geet? Si ; si 
J 


Fig. 3 shows the deflexion profile along the axis of symmetry in 
the case q = 2, corresponding to different values of the restraining 
parameter m, Poisson's ratio being taken as =. In Fig. 4 the deflexion 
factor K at the load point (pe = q = 2) is plotted against the 


parameter m. 


€1G.3 Oeflexion along axis of symmetry 
(ge? Qs 


The moments and shearing stresses at any point of the plate can 
now be obtained by substituting from (33) in (30) and the results 
may be expressed in the form 


Me! Be my fe Mil ce, I eG 


GE Ce ae 
QO: yy Eis G Vices Meth ch: Qa + Waser 
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| (37) 
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where, with the notations of Fig. 2. 


R 
+ cos 2 @ — +; cos (@+ a’) 


2logq 2 R 9 
+ 
(PR - mats )o, 9], > (38) 


Lise [i 
8.= gq | m (a1) OTe ea Rn 
. R ° ! 2 

+ St On RI POT itr ( qs = 1} 


R’ 
mrt 
( 32 —mr) 8, (8) |, } 


1 Cc AC _maA af) 7 
Y= an] Rc? — Roose 5 (q 


= cos8’ +m C. (p, 8) tT, 


Ce (39) 


mA 
%s=7al _ sin @ — 7 sipttoy 7 satq? — 1) 


where C_ (p, a) is given by (35) and 


S,,g— = 2D sere.) 


am SABE 


For the boundary values of the stresses we substitute from (33) 


in (8) and (9). Using the relations (16) it is found that over the 
boundary C. | 
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é, ~ ; x 
Over the x-axis, z == z = x andif we put | Ewe have along 


the axis of symmetry 6, = 0 = y, and 


8 _ =n je lieetdoat , 2log 4 
Saag 8t ay lense he? 
qo 
Bek | he ek 
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In the case of a clamped inner boundary the stresses are obtained 
from the previous results as the limiting values when A 1 and 


m-—»— co. However, this case may be treated independently since 
Equations (25), (26) and (31) give in this case 


G=loeq,H20,;AL 1 = q? +2 logg , : (43) 


so that using (23), (30) and (43) we find that over a clamped inner 
circular boundary 


a) E= ee 7 
8, = 2 — (1—qe0s @) (q — 1) ~logq |, 3,0, | 
7 rie 1—2q cose +q" | 
+ (44) 
Ya neon aap gh fh 
oe ores = 
qos 9 POmqseul é 21 1—2qcose+q” ve Zonk Liey 


In such a case we get along the x-axis 
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FIG.5 Bending moment M along axis 


oF symmetry; g=2, m4 


Calculations were carried out for different values of the restraining 
parameter m. In each case the stresses and deflection were computed 
for various points along the axis of symmetry of the plate and on the 
circular boundary. Figs 5, 6 and 7 show some of the results 
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obtained for the bending moments and shearing force along the axis 
of symmetry. In Figs. 8,9 and 10 we plot typical curves for the 
boundary values of the radial bending moment M_, shear stress Q. 


and vertical reaction Vez ; 


F1G. 6 Bending moment M along axis OF 


symmetry ; q=2, nt 


It is of interest to notice that the effect of the elastic restraint of 
the boundary on the stresses is limited to the neigbourhood of the 
boundary and that the stresses decrease rapidly as we go further from 
the load point. The present solution for the infinite plate may be 
then adopted for a finite plate elastically restrained over an inner 
circular boundary with outer edge free provided that the concentrated 
force is at a reasonable distance from the outer edge. 
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FIG.7 Shear stress Q afong axis of symmetry ; g=2 ; m =} 
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FIG.9 Shear stress at circular boundary 
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F/G.10 Vertic! reaction af circular boundary 
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RIPPLED BEARINGS FOR HIGH 
SPEED JOURNALS 
BY 
GALAL S. A. SHAWKI, B.Eng., Ph. D., A.M. I. Mech. E. (*) 


This paper presents an analytical study of the performance of 
a complete journal bearing with sinusoidally undulating bearing surface 
(referred to as rippled bearing). The study is herein confined to 
light-load high-speed applications, in which concentric running of 
journal may plausibly be assumed. Both cases of full-and partial- 
width films in the bearing are considered. 


The rippled bearing is compared with the elliptical (2-lobe) bearing 
on basis of same size, mean clearance and minimum film thickness, 
and is shown to have invariably lower friction values. It is also found 
to give increased end flow when the bearing has three or more ripples 
round its periphery. This increased flow together with reduced 
friction would lead to lower operating temperature, and consequently 
higher shaft stability. 


These favourable features of the rippled bearing would recommend 
it for use with journals of increasingly high rotative speeds. 


INTRODUCTION 


Designers of modern machinery are continually striving for higher 
rotative speeds, a trend which brings in new problems, among which 
are increased power loss, excessive bearing temperature and greater 
tendency to shaft whirl due to oil-film action in the bearing. 


(*) Lecturer, Mechanical Engineering Department, Cairo University, Cairo. 
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For these conditions of operation, bearings of non-circular 
profiles have become more and more desirable, e.g. elliptical, 3-and 
4-lobe bearings (5)('). These profiles are so chosen as to form 
convergent passages which, with eccentric running of journal, would 
set up additional loads in the bearing which assist in enhancing shaft 
stability. 


In the present paper, a new type of non-circular profile is 
investigated. This profile is composed of sinusoidal undulations 
covering the whole periphery of the bearing. Two cases of film 
extent are considered, viz. full-width and partial-width films in 
divergent passages, with full-width film prevailing in convergent 
passages. 

Friction values and end flow are obtained, and their effect on 
shaft stability is discussed. The results are further compared with 
those of the elliptical bearing. 


NoraTIon 


a: Amplitude of bearing surface undulation. 
B : Axial bearing width. 


B’ : Axial film width in divergent passage (or combined width 
of film streamlets). 


Cc : Mean value of radial bearing clearance. 


ec: Minimum value of radial bearing clearance in an elliptical 


bearing (see Fig. 4). 
F. : Total frictional force on journal. 
h _: Fluid film thickness. 
h_. : Minimum value of fluid film thickness. 
k 


: Ratio of frictional force in a non-circular cylindrical 
bearing to that of a circular cylindrical bearing of same 
diameter, axial width and mean radial clearance c. 


(1) An alphabetical list of references is given at the end of the paper. 
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m : Amplitude ratio of bearing surface undulation — a/c. 

m, :=s/(c, +s). 

n, : Number of ripples (surface sinusoidal undulations) round 
bearing’ periphery. 


N _ : Rotational journal speed. 


Q _: End flow of lubricant. 

r : Radius of journal. 

R, : Radius of lobe (see Fig. 4). 

s : Difference between maximum and minimum radial clear- 
ances in an elliptical bearing = [ R, —(r +c) ]; see Fig. 4. 

U _ : Circumferential velocity of journal surface = a r. 


: Angular position of any point in the fluid measured in 
direction of journal rotation. 

A _: Coefficient of viscosity of lubricant. 

T : Shear stress in fluid in circumferential direction. 


© : Angular speed of journal rotation. 


ANALYTICAL TREATMENT 


It is assumed that the journal has a perfect circular profile, the 
bearing a sinusoidally undulating profile, that the flow is streamlined 
and that the fluid viscosity is uniform throughout the film. 


The bearing profile may conveniently be represented by 
—a,cos(n, 6). The film thickness will then be given by : 


Dee 1 Or- a feos (7 @) | 8, (1) 


In high speed machinery in which journal bearings are expected 
to operate under conditions ot light loads and high speeds, the resultant 
force due to fluid pressure would approximate to zero and the shaft 
would assume a concentric running position. 


With integer values of n, equal to or higher than two, Fig. 1, 
concave as well as convex parts of the surface are symmetrically 
disposed with respect to the bearing centre; consequently no resultant 
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Fic. 1.—Some Configurations of the Rippled Bearing. 


force due to fluid pressure exists with concentric running of journal. 
This is the case of interest in the present study. An inverted situation 
is attained with fractional values of n, , in which case a resultant force 
appears even with concentric journal position. 


JOURNAL FRICTION 
For the usual case of a stationary bearing, the shear stress at any 
point in the film is given by : 
t= 7 ae U . . . . : . 8 (2) 


(the negative sign indicating frictional drag opposite in sense to direction 
of motion) 


and the force of friction per unit of bearing width by : 


BeBe ORCS 


Before integration can be carried out, the film extent must first 
be determined. 


woe GL 4 teen 


Due to the incapability of fluids to sustain tensile stresses, the 
lubricating film would tend to cavitate where negative pressure be 


liable to occur. 
There is experimental evidence of narrowing down of the axial 


extent of the film in a divergent passage, and of breaking up of the 
outlet film into streamlets (2); no side leakage therein would be 


expected to take place 
In this analysis two cases are considered, viz 


(i) full-width film, ie. full-width film in both convergent and 


divergent passages 
(ii) partial-width film, i.e. full-width film in convergent passages 


and partial-width film in divergent passages 
The results are compared with those of the elliptical (2-lobe) 


bearing (5). 


(i) Full-Width Film: 


Force of friction on journal 


= B fis" T.i0 AO AUB Of 


oie l.t Ds (era, are +a_cos(n_ 8) | 


Introducing a, =me,0<cGmcl 


ee el Da =i de 
Uke ene af [1 +m cos (n, @) 
bs seks be 27 
AUrB 1 ae = in- sin (n, =m? sin (a, 0) | 
= | ——== sin™ * j-—— 
aed V1 wn [1 +m cos (n, cama toayue ae 
: : (3) 
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It is evident that the force of friction on the journal is independent 
of the number of ripples round the bearing periphery. Convergent 
and divergent parts of the film contribute equally to the frictional 
force. 


Kor m= 


LB jee = [@nrB)r—| aaa (4) 


first obtained by Petroff in 1883 (4), and referred to in the text of this 
parer as “ Petroff’s Frictional Force”. 


_+. The ratio of the frictional force on the journal to Petroft’s 


frictional force will be given by : 


koe . .. 


(1) Partial-Width film: 


It is assumed that full-width film exists in convergent passages, 
while only partial-width film prevails in divergent passages, Fig. 2. 
In these latter passages, the axial extent of the film is determined from 
requirements of volume continuity (7), viz. : 


Bh. constant = (bbe. ‘ (6) 


B( — m) 
(1 + m cos n, @) 


or Da (7) 


For convergent passages, 


Lapis IN U rB t) ae 
Force of friction = —on of : 
0 (1 +m cos n, @) 


lial a ee, OS 


i 


| | aa 


e-¢o 7efn 2n/n, 
Fie. 2.—Geometry of Partial-Width Film in a Rippled Bearing. 
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For divergent passages, 


ns A U an /n, Bid ) 
Force of friction = ——— n eis oe 
c ° T/n (1 +m cos n, @) 


Substituting for B’ from equation (7), 


Aw Ur BL — m) 2 T/n, dno 
Force of friction = i é S 5 
c Tn, (1 +m cos n, @) 
AUrB(l—m)| 1 jets Vi—m? sinn, 0 | 
cae ———-——— §1n 
c (1 — m’) V1i-m (1 + m cos n, @) 
A — 217 i (9) 
m singe 7% [(erBa ty | 


~ (1 +m cos n, e) (1+m)V¥1—m? 


—'T/n, J 
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From equations (4), (8) and (9), it can be concluded that : 


k for convergent passage/s = pi Nal ; : (10) 
V1—m 
1 1 
k for divergent passage/s = ape Vee (11) 
(2 +m) 1 


and k for the whole bearing ae Tees. pais (12) 
a m esesic? 6 8) 


Fig. 8 shows the variation of k with m for the two cases of full- 
and partial-width films. The latter case gives, for amplitude ratio 
values of up to about 0.577, lower friction than that of a plain bearing 
of same size and mean clearance, a feature in favour of the rippled 
bearing over its amplitude-ratio range of practical importance. 


CoMPARISON OF Friction VaLues Between RIPeLteD 


AND ELLIPTICAL BEARINGS 


The so-called elliptical bearing is made up of two cylindrical 
halves (lobes) with their centres displaced from bearing centre, 
Fig. 4. 


From bearing geometry, it can be shown that: 
(h + r) = R, cos oc + 8 cos 8 
With cc being very small, the film thickness in an elliptical 
bearing may be given by : 
h = (c's) + 8 cos 8 : : : . : (13) 
where 0 varies between m/2 and 37/2 for each bearing half. 
Considering frictional tractions in one bearing half, 
Force of friction in convergent part of film 


9 dé 


a B AE 
a ae (c, + s) + s cos 6 


Introducing m, = s/(c, + 8), 
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e) One 0.4 0.6 0.8 1.0 
Amplitude Ratio ™ 
Convergent passage/s with full-width film 


Divergent passage/s with partial-width film 


Full-width film in bearing 
Partial-width film in bearing 
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Fia. 3.-k-m Relationship for the Rippled Bearing. 
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a A USB a dé 
. Frictional force above = (c Fs) oe. (i m, cos @) 


AUrB- 


_[a\- sin 4 ot 


~ (ce, +8) V1—m?! 


Elliptical bearing 


~----= Rippled bearing of same 
Cc &@ 5 pat 


Fic. 4. —Film Geometry in an Elliptical Bearing. 


oe 


*.* Mean radial bearing clearance 


1 .3 1/2 9 
mars sf hod Optics teepeseegibine , (15) 
Wer 0 Tt 
.'. k for convergent passage in one bearing half 
2 2 1 ——; 
= —(1-—m,)——— |x —sin~'V1—m?| (16) 
1 Mee T Vi-m 


e€ 
Should the divergent passage be corapletely full of lubricant, k 
will be the same for both convergent and divergent passages, so will 
be k for the whole bearing (case of full-width film). 


If the film extent in the axial direction, for the divergent passage, 
is, however, governed by the relationship : 


oie ban. 


force of friction in divergent passage will be given by : 


a de | 
(c +s)? x (1 +m, cos 9)” 
AUrBe 1 mi 1 
= Dg Ss > 17 
(c, + s)° (l—m>) | Vi—m he 
( x —sin-? V1 — mi? | 
= J 
2 2 a3 * 1 ) 
and ko altace ) OM 
T t fim) i Vi-m | 
” + (18) 
( x —sin~? Vm? ] 
J 


.'. k for the whole bearing with partial- width film is given by: 


1 2 m, 1 7 
kee el 2am ) — i ee 
T T (1 + m,) vi— m, 


ame + (19) 
BrP) (si? Vine) 
Claims) | 
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Friction values for the rippled bearing, Fig. 3, and for the — 
elliptical bearing, Fig. 5, are compared on basis of equal values of mean 
radial bearing clearance c and minimum film thickness h_.. 


Le. (l-m)c= ce 
( 1 2 E : : (20) 
and eed Wace en ere, 
m, Tt 
(Lae m.) 
m=1—— 2 (21) 
(= $m) 


The rippled bearing shows lower friction than the elliptical bearing, 
Fig. 6, for both cases of full-and partial-width films, the difference 
attaining some 10% at the higher values of m. Lower friction would 
lead to lower bearing temperature and consequently higher shaft 
stability (6). 


It should be noted that an increase in the number of ripples (with 
n, as integer) does not affect friction, in contradistinction to an increase 
in the number of lobes (on a multi-lobe bearing) which results in 
higher friction (5). This is why relevant comparison is only made, 
herein, with the elliptical (2-lobe) bearing. 


FRACTIONAL Fitm AREA UNDER SHEAR 


The fractional film area under shear (in relation to the whole 
surface area) for the rippled bearing with partial-width film is given by: 


2T/ 
1] ly as ee Bb io d 6 } 


uP d (n, 8) 


> (22) 
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160] 


140 


120 


100 


8O 


Convergent passage/s with full-width film 
Divergent passage/s with partial-width film 


® 
@) 
(A) Full-width film in bearing 


Partial-width film in bearing 


Fig. 5.-k-m, Relationship for the Elliptical Bearing. 
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02 O04 0.6 0.8 09 095. 


Bearing with full-width film 
——-— Bearing with partial-width tilm 


Fia. 6.—Comparison of Friction Values between 
Rippled and Elliptical Bearings. 


— 241 — 


For the elliptical bearing with partial-width film, the fractional 
film area under shear 


31/2 


ha Bol A ews 8, de ) 
12 ee (1 + m_ cos 8) | 
T e 
ae (23) 
(10, } gts 
=) + : Re Wie 2 | 
“ V1 —m? . J 


Fig. 7 shows that the fraction of bearing surface area with 
partial-width film under shear drops from 100%, to 5079 with increase 
in m and m, values. The curves for rippled and elliptical bearings 
are very close and show that the fractional film area under shear is 
about 70/9 for cases of interest in practice. 


Enp Fiow 


End flow is the difference between circumferential flows at the 
beginning and end of the pressure film. 


[Qle= 2 ~iga-\ Ge re 


UB Bt ( Op ) 

As the film extent in divergent passages is taken to be governed 

by volume continuity, side-leakage flow would be, therefore, confined 

to convergent passages. Assuming that the second term in 

equation (24) is negligible at film extremities, the end flow will be 
given by: 


Q=n,m(UBec) . : . : : (25) 
for the rippled bearing 
Ls igd oc 


and nN A 


e€ 


(26) 


for the elliptical bearing 
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Film Area Under Shear 


Frdetional 
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0.6 0.8 


a_———-—— Film occupies full clearance space 


——--— Film restricted to convergent passages only 


Fig. 7.—Fractional Film Area under Shear. 


(Q) rippled ( 1 2 


(Q) elliptical =". ™ (27a) 


which, for same values of c and h_._ in the two bearings, 


=n) (: -=) ; ‘ : , : : (27 b) 


This ratio reaches unity whenn, = 2.75. It can be concluded, 
therefore, that end flow in the rippled bearing exceeds that of the 
elliptical bearing provided that n, is at least 3. As shown by equation 
(275) and in Fig. 8, the superiority of the rippled bearing with regard 
to end flow increases linearly with the number of ripples on the bearing 
surface. This would provide some means of reducing the operating 
bearing temperature, a feature much desired for high speed journals. 


RIPPLED BEARING 
SUPERIOR 


@ rippled + M eiliptiea! 


ELLIPTICAL BEARING 
SUPERIOR 


5 6 7 8 9 


Number Of Ripples Ns 


Fig. 8.—Comparison of end Flow in Rippled 
and Elliptical Bearings. 
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JOURNAL STABILITY 


The convergent parts of the rippled bearing simulate, in action, 
those of the multi-pad journal bearing. With eventual eccentric 
running of journal, fluid film pressures will develop in the individual 
convergent passages, and relevant forces set up in the bearing (1) will 
strive for bringing the journal back to concentric running. In this 
way, surface ripples play their significant role in promoting journal 
stability. The fact that the tilting pad journal bearing is incapable of 
exciting or sustaining journal whirl bas already been established in 
theory and by experiment (3). : 


Further, the foregoing analysis shows that the rippled bearing 
gives lower friction, also increased end flow (for n, > 3) in comparison 


with the elliptical bearing. With these features, reduced bearing 
temperature would result, and consequently greater shaft stability 
would be expected (6). 


= 74 B eee 2 


Should the journal be acted upon by a small load, it may be made 
to run concentrically with the bearing by using a fractional value for 
the number of ripples on the bearing surface, which ripples should be 
suitably oriented with respect to the load line. 


= ee 


SUMMARY AND CoNCLUSION 


The performance of the rippled bearing is obtained for concentric 
running of journal, two cases of film extent being considered, viz. 
full-and partial-width films. The results are compared with those of 
the elliptical (2-lobe) bearing on basis of equal size, mean clearance 
and minimum film thickness. | 


The rippled bearing is shown to give invariably lower friction 
than the elliptical bearing, the difference attaining some 10% at the 
higher values of the amplitude ratio. Moreover, while an increase in 
the number of lobes (e.g. 3-lobe and 4-lobe bearings) results in higher 
friction (5), an increase in the number of ripples (With n, as integer) 


produces no change in friction. It can be concluded, therefore, that, 
in this respect, the rippled bearing is superior to the multi-lobe bearing. 


az sal) ae 


The rippled bearing is also found to have higher end flow than 
that of the elliptical bearing provided the number of ripples is at 
least three. 


These performance characteristics of the rippled bearing result in 
relatively reduced power loss, hence higher bearing efficiency, also 
lower operating temperature and greater journal stability. Such 
qualifications may well recommend this type of bearing as a satisfactory 
solution to the problem of bearing design for high speed journals. 
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INVESTIGATION OF HEAT TRANSFER 


TO AIR IN RADIAL FLOW 
BY 


MAHMOUD SOBHI ABDEL-SALAM, B. Sc., Ph. D. 
Mech. Engg. Dept., University of Cairo 


ABSTRACT 


Im the work described here air was flowing between two parallel 
plates in an outward radial direction. One of the plates was 
electrically heated, while the other one was insulated against external 
radiation. Hight different gaps between the plates were tested, and 
the average coefficients of heat transfer were obtaincd. 


The effect of the gap on the heat transfer was obtained for both 
laminar and turbulent flows. All the data of the different gaps were 
brought together by introducing equations containing the Nusselt 
and Reynolds numbers and the gap-to-length ratio. 


NoMENCLATURE 


The symbols mentioned in the text have the following meanings : 
b = gap between the two plates, (inch). 

h = coefficient of heat transfer, Btu./(£t)? (hr) (deg. F). 
H = quantity of heat transfered by convection, Btu./hour. 
k = thermal conductivity of air, Btu. /(£t) (hr) (deg. F), 
L = legth of the heating surface, = r, —r 

Q 

r 


ay tight 
rate of air discharge, pounds per hour. 


awe inner radius of the heat transfer surface. 
r, = outer radius of heat transfer surface. 
S  =area of heat transfer surface. squ. ft. 
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t,, = wall temperature, deg. F. 

t, = bulk temperature of air at the working section, deg. F. 
U_, = mean effective velocity of the air stream, feet/sec. 

U, =air stream velocity at radius r,, feet/sec. 

4 = viscosity of air, pounds/(ft.) (hr.). 

R, = Reynolds number. 


N. = Nusselt number. 


INIRODUCTION 


The heat transfer from a surface toa fluid flowing past it depends, 
to a great extent, on the flow conditions. Different cases have been 
studied by different observers. But the case of variable main stream 
velocity has not had much study until the present time. 


In the present work (see Fig. 1) air was sucked from the room 
by means of an air blower (1) and blown into the main pipe (2). 
At the end of the pipe air passes between the sides of the working 
section (3 and 4). The side (3) is the heating unit, while (4) is an 
unheated disc. 


t- attr blower 
z- main pipe 
3- heating unit 
4- uMheated disc 


Fie. 1.—Diagram of Apparatus. 


This work was carried out for the following purposes : 


1. To determine the relation between the average coefficient of 
heat transfer and the mean effective speed of the flowing air stream. 


2. To determine the effect of the gap between the two plates on 
the coefficient of heat transfer. 
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APPARATUS 


The main pipe was a horizontal circular 6 inch one. A brass 
nozzle was placed inside the pipe to measure the rate of air discharge. 


The heating surface was a circular brass plate of diameters 9 and 
16 inches. Two electric heaters were used; the main heater to supply 
heat to the heating surface. and the guard heater to prevent the heat 
flow at the rear side of the main heater. Heat flow from the sides 
of the heating surface was much reduced by surroundig it by asbestos 
rings. Twenty copper-constantan thermocouples were distributed 
into the heating unit in order to have full knowledge and control of 
the temperatures everywhere. 


The unheated disc was an 18 inches circular plate, mounted on 
a steel shaft. To determine its temperature 7 thermocouples were 


used. Special holes were made to give the static pressures at radii 


43 and 7 + inches, and others to allow for a small total head tube 


to move between the two plates to measure the velocity distribution 
between them at the same radii. Two other holes were made for two 
thermocouples to measure the temperature of the flowing air at radi 


1 : 
4+-and 8 inches. Precautions were made to prevent heat conduction. 


A special micrometer and small total head tube arrangement was 
used to measure the velocity distribution between the two plates. 
The inner and outer radii of the tube were 0.014 and 0.026 inches. 
The arrangement was carried by the body of the unheated disc. 


The apparatus and the instruments were carried on a bench, the 
heater being mounted in a vertical plane. A photograph of the final 
set-up is shown in figure 2. 


Special calibration was done to the thermocouples. The nozzle 
was calibrated in sito. The coefficient of the small total head tube 
was determined by direct comparison with a standard Pitot tube. 
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Fic. 2.—Photograph of Apparatus. 


PROCEDURE 


With a certain gap between the plates, the speed of the air blower 
was adjusted to give any required mean effective speed of the air 
stream in the working section. Reasonable electrical inputs were given 
to the main and guard heaters. Readings of the temperatures were 
taken every 30 minutes till a thermal steady state was reached. The 
average coefficient of heat transfer was then calculated. 


This experiment was repeated with other air discharges, till the 
behaviour of the heat transfer for that particular gap was completely 
known. The gap was then changed to another determined value, and 
the previous procedure repeated. 


In this research eight different gaps were tested. The sum of 126 
experiments was carried out. The average time required for every 
experiment was about 3 hours. 


In 14 of these experiments the velocity distribution between the 
plates was measured. This process always started after reaching the 
thermal steady state. 
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METHOD OF CALCULATION 


The amount of heat lost by radiation and conduction from the 
surface and sides of the heating plate was calculated from the tempera- 
tures of the hot surface, the unheated disc and the insulating asbestos 
rings. The amount of heat transferred by convection was then 
calculated. ‘The average coefficient of heat transfer is given by 


H 

ee = aaatd Btu./(ft.)? (br) (deg. F) ©! 9 (1) 
The rate of air discharge was directly determined from the 
calibration curve of the nozzle. The point values of the air stream 
velocity were calculated from the velocity head and the density of the 
air. The effective mean air stream velocity in the working section 
was calculated from the equation. 

2048 
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(2) 
In the present work the Reynolds nymber was put in the form 


i ale tata (8) 


The formula chosen to calculate the Nusselt number is 


hb 
N. Fiber sa . ° ° . . ° ° ° (4) 


The physical properties of the air were always evaluated at 
the mean bulk temperature of the air stream. 


RESULTS 


In both the laminar and turbulent ranges the results can be 
represented by equations (5) and (6) and table I as follows : 


iy Serato ag nck tan cid mati Re hagas Maan lami 
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TABLE 1 
VanurEs or THE Constants K, A, AND n IN EquaTIONs 5 AND 6 


Laminar flow Turbulent flow 


Gap (inches) 


| cc fe 


0.172 0.36 0.3061 | 0.00045 0.977 
0.209 0.36 0.851 0.0050 0.773 
0.698 


i) 
bo 
w 
an 
So 
tJ%) 
lon 
— 
BS 
So 
— 
i=) 
om) 
— 
bo 
fee) 


— — 1.680 0.0341 0.627 
— — 1.986 0.0507 0.611 
— — 2.460 0.0739 0.611 


— — | 0.0815 0.611 


The experimental results are shown in figures (3) and (4). All 
the experiments were carried out with the temperature of the heating 
gurface higher than the room temperature by about 94 to 134 deg F. 


In the velocity distribution traverses no symmetry of flow between 


iad 


the plates was noticed. An example is shown in figure 5, where the 
gap waS + inch, and the discharge 590 pounds per hour. 
Average velocities at radii 4° and 77 inches were calculated 


from the velocity distribution curves and from the quantity of air 
dicharge as given by the calibration curve of the nozzle. Agreement 
was found within + 2.7 and — 2.3 percent. 


Awatysis anp Discussion or Resuits 
Critical Reynolds Number : 


It is noticed that the critical Reynolds number at which the 
laminar flow ceases to continue is not constant. The variation of that 


critical value with the ratio ( ¢ )is shown by the solid line in Figure 6. 


pg). ee 


On the same graph the dashed line shows the critical R, required to 
start turbulence. 
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Fig. 3.—Heat Transfer Results for Different Gaps. 


Similar results were obtained by Davies and White (?) (*) who 
measured the friction when water was passed in very flat ducts. 
Theideas described by them and by Goldstein (*) lead to the conclusion 
that the early transition with wider gaps is due to the fact that the 
parabolic flow is not established yet As the gap increases more 
eddying is likely to occur. The conditions approach those of flow 
past flat plates. When the gap decreases, however, the parabolic flow 
has more chance to form. ‘Turbulence is somewhat suppressed, and 
the critical value, therefore, increases. 


(*) Numbers in parentheses refer to the references at the end of the paper. 
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Fria. 5.—Velocity Distribution between the two Plates. 
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Kia 6.—Effect of Gap on Critical Reynolds Number. 


Laminar Flow Results: 


While the exponent (n) in the general equations (5) and (6) 
remains constant as the gap changes, the other constants K and A 
_ vary according the laws 


we1993( gif Yo aaitalytrp0ge.5 4 (7) 


b pr (8) 


and A = 0.755 ( ¢ 
After these two equations the general equations (5) and (6) for 


laminar flow become 


h = 1.233 (ry nyt then cp aap,” ptt ip (9) 


0.44 
and N- 0.755 ( FJ i ea as 


N, 

b \0.44 
a, 
and plotted versus R, in Figure 7. The experimental values of N. 


: 0.44 
for different gaps were divided by | 2 , and the results shown 


The values of [ were calculated from equation (10) 


on the same graph. 
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Fig. 7.—Correlation of Heat Transfer Results in Laminar Flow, 


From equation (9) it is seen that the rate of heat transfer 
increases as the velocity increases and the gap decreases. This is 18 
quite natural because, in laminar flow of fluids, heat is transferred 
mainly by conduction. According to the equation of heat conduction 
the rate of heat transfer decreases with the increase of the distance 
travelled. The distance, in the pregguty work, is the gap between 


the two plates. 
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Turbulent Flow Results: 


In the turbulent flow range, the present results show, generally, 
an increase in the heat transfer as the gap (b) increases. This can be 
explained as follows : 


Where a fluid enters a duct under certain conditions, eddies are 
set up. As the fluid proceeds along the duct, these eddies subside, 
and the stream assumes undisturbed flow with uniform heat transfer 
coefficient. These inlet eddies persist for longer distances in large 
ducts than in small ones, so that, for ducts of equal length (as in the 
present case), the mean heat transfer coefficient would tend to be 
higher for larger gaps. This effect tends to counteract the effect of 
the gap alone, which is to reduce the heat transfer with the increase 
in the gap. 

In narrow ducts the proximity of the walls tends to minimize 
the velocity components normal to the walls. In other words, the 
freedom of the particles to move will be restricted, and turbulence 
suffers some kind of suppression. 


Yet, this factor of more freedom in wide gaps is not unlimited. 
There may be a certain gap at which the effect of the depth of the air 
stream vanishes completely. As found in the present work this 


“ie 3. eae 
critical gap was 7 inch. This corresponds to an p ratio of 4.67. 


The turbulent flow results for the different gaps in the present 
work can be represented by the equation 
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0.8 
whee £ =1-— 1.516| 1 - 4677, | mBal tation 9(h?) 


Figure 8 shows values of SS plotted against R_ according to 


equation (11) and (12). The results of the experiments on the six 
gaps (1 to 3 inch) were corrected by dividing N , by the value of (f) 
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for different gaps and Reynolds numbers. These corrected values are 
shown in Figure 8 so as to be compared with equations (11) and (12). 


It is noticed also in the present turbulent flow results that the 
exponent of the (N,— R.) curves varies from one gap to another, 
being greater as the gap decreases. Similar results were obtained by 
Lévéque (*) and Washington and Marks(‘). El-sayed (2) also found that 
the effect of reducing the length in the direction of the flow and the 
gap beween solid boundaries on the turbulent valocity profiles, is to: 
give the profiles transitional shapes between the laminar and turbulent 
distributions. 


Na 
f 
70 
60 
50 
40 
30 
2 g°P 
. "gap 
20 Sold tne represents equation fl , 
0 ft 
Nu = 0.075 R. Pop 
where 
; o.§ -9 96 
ue, 6-41-15 SP) Re 


Reynolds number (Re) 
70 __€9.21900 


Fic. 8.—Results of Experiments for Turbulent flow Compared with Equ- 11 


The length of the present heating surface (difference between 
radii) is small. In the inlet length the boundary layer at each wall 
is still growing, and the central part is being accelerated. As shown 
by Deissler(') and confirmed by the present velocity distribution 
measurements, the growth of the boundary layer is slower for larger 
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Reynolds numbers. This means that, for the same gap, the inlet 
length increases as R, increases. When the gap between the plates is 
sufficiently large all the heating surface lies in the entrance region. 
Therefore, the ratio of the inlet length to total length(= 1) will not be 
affected by the increase in R,. The increase in N| with R, will be 


slower than for the fully developed turbulent part. This explains the 
constant exponent in the largest three gaps. However, when the gap 

~decreases the ratio of the inlet length to the total length becomes smaller 
than one. This ratio increases as R, increases, and, accordingly, the 
increase in N will be faster than for large gaps. 


To sum up it may be stated that when the gap is small an increase 
in R, causes an increase in the inlet length. This gives rise to heat 
transfer at a higher rate than with large gaps, as, in the latter case, 
no increase in the inlet length results from increasing the Reynolds 
number. 
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GAS-TURBINE PERFORMANCE UNDER 
VARYING AMBIENT CONDITIONS| 
I.—The Effect of the variation in Ambient Temperature on the 
power consumed by the compressor of a gas-turbine unit. 
II.—The use of Underground water in Precoolers for Industrial 
Gas-Turbines working under Tropical conditions. 
BY 
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_l.—Tue Erect or THE VARIATION IN AMBIENT TEMPERATURE 
. ON THE PowErR CONSUMED BY THE COMPRESSOR 


oF A Gas-TurRsInE UNIT 


lt is a well-known fact that the gas-turbine has already passed its 
critical development period and by passing the test of the operator 
acceptance has established itself as the most suitable power-generating 
machine in more than one industrial application. Many new applica- 
tions, including atomic energy, make the future look extremely bright 
for the industrial Gas-Turbine. 


Looking at the past, however, one can see that the gas-turbine 
did not become a success before many problems, both expected and 
unexpected, which crossed the path of its development, have been 
solved. We must not, however, feel too complacent. It is true that 
the gas-turbine is here to stay, but with many new applications in the 
process of being placed in service and others comtemplated, new 
problems are bound to crop up which require a solution in order to have 
a reliable machine. 


In its basic form, the internal-combustion gas-turbine consists 
of an air compressor, one or more combustion chambers, and a turbine. 
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The compressed air is heated by burning fuel in it or by exchanging 
heat with hot gases and expanded through the turbine which drives 
the air compressor and the load. In applications where a certain 
particular load requires a variable speed prime-mover or in others where 
a variable load requires a constant speed one, the turbine is usually 
divided into two parts, one driving the air compressor, and the other 
driving the load. 


Additional equipment can be used in the cycle if a high efficiency 
andjor high specific output is required. For instance, a heat exchanger — 
placed in the turbine exhaust recovers heat and transfers it to the air 
entering the combustion system, thus reducing the amount of fuel 
burned. Sometimes, the compressor is divided into two components 
with an intercooler between them to reduce the work of the second 
compressor. Introducing, a reheat combustion chamber between the 
turbine stages achieves a higher specific output. The addition of one 
or more such equipments to the basic cycle have to be done, however, 
after a careful and complete investigation of all the factors and con‘ 
siderations involved have been made, since, under certain circumstances 
such an addition might defeat its own purpose by lowering the efficiency 
or at least raising the cost of the gas burbine unit unproportionately. 


Like a chain whose strength is as big as that of its weakest link, 
the gas-turbine unit depends for its efficiency, cost and performance 
on how efficient and reliable is each of its components. 


With the gas-turbine having established itself as the newest 
prime-mover in the heavy-duty Industrial field, we believe that it would 
be an ideal power-generating machine for many of the new applications 
presently in the process of being placed in service in our country. 
This is because many of the requirements of such applications are 
admirably served by the gas-turbine. Among these are the following: 


1. Ability to use low-cost fuel with reasonableeconomy. Inciden- 
tally this. offsets the lower efficiency of the gas-turbine as compared 
with standard Diesel Engines, and enables it to compete favourably 
with the latter in many applications such as locomotive-drive ete. 


2. The small size and weight of the gas-turbine which go some way 
to override its higher fuel consumption relative to other prime-movers. 
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3. No water or other provision for cooling is essentially required. 


4. The flexibility of the gas-turbine i.e. the possibility of choosing 
the particular cycle and arrangement of components best adapted to 
the required duty. 


One of the most important applications of Industrial gas-turbines 
is in the Electric utility Industry. In this case they are either used 
in connection with existing steam stations or as independent units. 
A number of them could be located in stations at the end of long 
transmission lines and in this case they will be ready to supply the 
electric load of the surrounding area in case of a breakdown iu the 
transmission line. Moreover, when the transmission lines are 
operating near maximum capacity and could not meet new peak loads, 
the gas-turbines can be used to supply the extra load thus saving 
the cost of new lines. In existing load centres, gas turbine units 
could be used to supply energy during periods of maximum demand. 
The gas turbine is ideally suited for this type of service because it 
can be started quickly and placed on the line without any warm-up 
period, In conjunction with hydroelectric units, the gas-turbine 
can be used to supplement them during low-water periods. Again, 
this application is ideal because the standby charges for gas-turbines 
are low, and units can be started quickly and simply after being out 
of service for long periods. The addition of a gas-turbine to an 
existing steam station is also of particular interest. The exhaust 
gas from the gas-turbine generator heats the feed water for the 
existing station. In this way, with the same original equipment, 
the plant capability could {be increased while the station heat rate 
is reduced. 


In considering the use of gas-turbines in any of the applications 
to be placed in service in our country, however, the problem of the 
effect of the variation in ambient conditions on the performance of the 
gas-turbine unit will acquire special importance. In order to make full 
use of the many points in favour of the gas-turbine under all prevalent 
ambient conditions, such an effect should be carefully and fully 
investigated. 
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It is for this purpose that the present investigation was carried 
out. The results recorded here should enable both the designer and 
operator to predict the behaviour of the gas-turbine unit under 
varying ambient conditions. . 


The component of a gas-turbine unit which would be directly 
affected by the variation in ambient conditions is the compressor. 
The net effect on the unit would naturally depend on the cycle used. 
and the arrangement of the components. Once the effect on the 
compressor is known, the net effect on the unit could then be deter- 
mined by simply following the arrangement of the components and 
evaluating the cumalative effect resulting from the change in the 
compressor’s performance. 


The present investigation was therefore limited to the effect on 


the compressor’s performance. In order, however, to ensure that the 
results could be of universal use, the investigation was made to cover 
all the practical values of pressure ratios and efficiencies of a gas-turbine 
compressor and for all probable values of ambient conditions. These 
cover all the parameters on which the power absorbed by the 
compressor depend. 

If, R is the pressure ratio of compression. 

a absolute temperature of air before compression. 
lee, Ps ») », attheend of compression. 
1,» 9 Lsentropic Efficiency of compression. 

Y 5, 5, Ratio of specific heats C./C, 
Coan iS the mean specific heat between T, and T, defined 


p mea 


as C. mean = by a be fol jee Tes 


where h, is the Enthalpy at the temperature dud 


then the work of compression per unit weight of air would be given by 
Ww. a C. mean (T, oe. TO)/n, 


= hy — by, /n, 
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The final compression temperature T , — T,(RYY—1) In,+T, - 
Using the “Gas Tables” for Air at low pressures by was obtained 
for the ambient temperature T. and then h, was readily obtained for 
the value of compression ratio R under eenaidereton: (hy pt.) 


will then give the Isentropic work of compression taking into account 
the variation of specific heat with temperature. 

The actual work consumed in compression will depend as shown 
in the equations on the Insentropic Efficiency of compression n, . 
For actual compressors, nowadays, the value of n, ranges from 
84% to 86%. W_was tabulated for three values of n,, namely, 
84% , 85% , and 86%. 


The final temperature of compression T, was determined and 


recorded so that it will be readily available for the further calculations 
on the actual cycle under consideration. 


The results of the investigation are tabulated in Tables I, [I 
and III, for the values of n, of 84% , 85 % and 86% respectively. 


The values of the ambient temperature T, considered are shown 


in the Tables and they cover the range of all possible values, the 
lower values for temperate regions and the higher values for tropical 
regions. 


The values of R considered are supposed to cover all practical 
values of pressure ratios for a single stage of compression. 


Both linear interpolations and extrapolations from tables are 
possible when necessary giving values subject to insignificant errors. 


The authors believe that data for Gas-Turbine Compressors 
working under any practical specified conditions in all probable 
regions will lie within the scope of these tables. The prediction of 
the performance of a gas-turbine unit under any specified conditions 
would be a simple matter. 
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Il.—Tue Usse or UnpERGROUND WATER IN PRECOOLERS 
ror INDUSTRIAL Gas-TuRBINES WorkiNG UNDER 


TROPICAL CONDITIONS 


In Part I of this investigation, it was made clear by the tabulated 
figures that the effect on the power consumed by a gas-turbine 
compressor of the variation in ambient temperature is considerable. 
The same general result was shown before in the study of particular 
cycles working under certain specified conditions, although a complete 
and comprehensive analysis of the problem as was done here does not 
appear in the literature. : 

In order to demonstrate the net effect on the performance of 
a gas-turbine unit of the variation in ambient temperature, the authors 
have chosen here a cycle which they think will find in the future 
a wide scope of application not only in this country but also in most 
tropical countries having ample resources of fuel oil. This is the 
cycle most suited for Peak Loads. The arrangement for such a cycle 
is shown in Fig. 1. It is a simple cycle with a Heat Exchanger. 
It is ideal for this application, namely Peak Loads, for the following 
reasons : 

1. Relatively low capital cost since it comprises the least number 
of components consistent with a reasonable overall efficiency. 

2. It can be started very quickly with the least number of 
personnel and least supervision. 


3. Space and maintenance are minimum. 


Calculations were made for the following cycle data: 

. Inlet temperature to turbine T_ = 800°C (1472°F). 
. Compressor pressure ratio — 6. 

. Compressor Isentropic Efficiency = 85%. 

. Turbine Isentropic Efficiency = 86%. 

Heat Exchanger Thermal Ratio — 75%. 

Mechanical Efficiency of Compressor — 99 Y. ‘ 
Mechanical Efficiency of Turbine = 99 %. 


NDo fF WwW NW 
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8. Pressure Losses : 
(a) Compressor intake loss = 1%. 
(6) Heat Exchanger loss: (7) Air side 1.5%. 
(i) Gas side 1.5%. 
(c) Combustion Chamber loss = 2.5 % . 
_ (d) Exhaust loss = 1%. 
9. Combustion Chamber Efficiency = 98 % . 


The range of. Ambient Temperatures which will be of special 
importance in dealing with gas-turbines working under tropical 
conditions could generally be taken as from 50°F to 130°F (10°C 
to 55°C). Table LV shows how the Specific Output (Output per unit 
weight of air consumed) and Overall Thermal Efficiency of the cycle 
under consideration vary for the range 50°F to 130°F as well as for 
the lower temperature range of importance in temperate countries t.e. 
between 20°F and 50°F. 


HALE 


Fic. 1 


C Compressor T Turbine 
CC Combustion chamber HE Heat Exchanger 
L Load 


as 274 = 


TABLE IV 


W B.T.U./b. 
1), Overall Thermal Efficiency. 


For the sake of comparison, a datum has been chosen at the 
ambient temperature of 50.3°F, thus showing the relative change in 
the specific output W and the overall efficiency |. The relative 


specific output W% and relative efficiency n, % are also tabulated in 
Table IV. 


The table shows how considerable is the effect of the rise in 
ambient temperature on the performance of the cycle considered. 


As an example, a gas-turbine unit operating on the simple 
regenerative cycle treated here and rated at an ambient temperature 
of say 50°F, would only give 81.6 % of its rated powar output at an 
ambient temperature of 110°F and that at a decreased relative efficiency 
of 84.5.%. 
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Fig. 2 shows clearly the considerable drop in both the specific. 
output and thermal efficiency with rising ambient temperature. 


Now, if the power to be installed is reckoned at the lowest 
temperature, the unit will not give its rated output at a higher 
temperature. Conversely if the power is reckoned at the high 
temperature, the unit will then have to work at part load at the low 
temperature ze. at a lower efficiency combined with unnecessary 
extra capital cost. 


tation Overall Effrerency and Specifie 


Oulput wilh Ambient Temp erafure of a Simple 
Regenerative Gas Turbine Cycle. 


Compressor fress ure Ratio 6 
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The problem, then, would be to be able to keep the output of 
the unit as constant as possible irrespective of the variation in ambient 
temperature, The simplest solution which presents itself is by 
keeping the air inlet temperature to the compressor at its lowest 
value in a changing ambient temperature. 


The methods suggested so far as a solution to this problem 
include the use of a refrigeration plant before the inlet to the 
compressor (driven by the turbine exhaust energy) or the injection of 
a volatile liquid into the compressor intake. The first method has 
not been exploited yet and it waits trial to find out whether the extra 
complication and cost will be justified by the improvement in 
performance. The second method has serious limitations in regard 
both to cost and scope. 


A much simpler and much more economical method has presented 
itself to the authors. This simply consists of the use, under high 
ambient temperature conditions, of the naturally cooler underground 
water in precooling the air before entering the compressor. 


In Egypt, and probably in most of the tropical regions, ample 
sources of this water exist at economically reasonable depths. The 
temperature of underground water remains invariably constant all 
over the year. In Egypt, for example, the underground water 
temperature is 24°C. (75.2°F). During the hot season, that is from 
April until September, the ambient temperature is much higher than 
24°C, indeed it reaches an average of 40°C. A gas-turbine unit 
which is designed to give its full load at an ambient temperature of 
say 25°C. will suffer a drop in both specific output and efficiency 
when working under the prevailing ambient conditions. In order, 
therefore, to retain as completely as possible the rated output and 
efficiency of the unit, it is suggested as mentioned before to precool 
the air before entering the compressor. The precooler would have to 
use the underground water as the cooling medium. 


The retainment of the power and efficiency of the unit would, of 
course, be done at the price of the extra cost of a precooler and the 
cost and power of the water pumping equipment to be installed. 
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The cost of a precooler, as known from practice, would be more than 
justified by the gain in both output and efficiency. The power of 
the water pumping equipment, and consequently its cost, would be as 
shown below, quite insignificant. There is, of course, the extra 
pressure loss in the precooler which will contribute to the lowering of 
the specific output of the unit. The following analysis, however, 
shows that the drop in specific output due to this cause is insignificant 
compared with the specific output regained by the use of the precooler. 


Let us take, as an example, the gas-tur. ine unit treated before, 
namely that working on the simple regenerative cycle, and consider 
the addition to the cycle of a precooler in the way suggested in this 
investigation. For the sake of economy let the precooler be of the 
cross-flow type. 


Assumptions : 
Pressure loss in the precooler = 1.5%. 
Precooler Thermal Effectiveness = 90%. 


(If a contra-flow precooler was used the Effectiveness would be 
as high as 100 %). 


Underground water temperature = 24°C. (75.2°F). 


Total Manometric Head on Pump = 60 fts. 
(considered nearly maximum value in Egypt). 


Pump Efficiency = 75 %. 


The power needed by the pump per lb. of air compre:sed, 
depends on the mass flow of water per lb. of air According to the 


general practice of water-air heat exchangers, the mass flow of water 
per lb. of air is 1.21 lbs. 


Power per lb. of air per sec. = 0.176 H.P. 


Under ambient temperature of 110°F (43.5°C.), the specific 
output, without using a precooler, is equal to 48.64 B.T.U./lb- 
(68.5 H.P./lb.] sec.), at a thermal efficiency of 26.5 2% . 


ee 


The new specific output, after using a precooler, and after taking 
;nto consideration the extra pressure loss in it is equal to 53.25 B.T.U,/ 
lb. (75.3 H.P/lb./sec.).. The net specific H.P. after deducting the 
pump power would be 75.3 — 0.176 = 75.124 H.P./Ib./sec., at an — 
efficiency of 28.63 %. 


The following table represents the regain in the specific output 
and overall efficiency by using the precooler. 


= 


WiTHouT PRECOOLER WirH PRECOOLER 
W_ B.T.U,7\|b. 48,64 Sa2 
H. P./ lb. / sec, 68.5 75.124 
n, % 26.5 28.63 


It is quite obvious from the above analysis that a precooler 
operating in the very simple way suggested here represents a perfectly 
sound solution for the serious problem of the high ambient temperature 
in tropical countries which, no doubt, must have acted so far as 
a deterrent to the use of gas turbines in this part of the world. More 
work on these lines, both theoretical and practical, is recommended 
by the authors as they believe that the results more than justify the 
time and expense spent on it. 
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THE COMBUSTION OF FUEL OIL DROPLETS 
A Historical Review and a Plan 
for a Future Investigation 
BY 
RAFAT Ni M., B.Sc. D.LC., Ph. D. 
AND 
MIKHAIL M.L., B.Sc. 


INTRODUCTION 


The decline in world recources of fuel oils is a matter of great 
concern to both supplier and consumer.. The most important source 
of power is being threatened by extinction. It is true that the advent 
of atomic power strikes a conciliatory note but it will certainly be a 
long time before this new source can replace completely the traditional 
ones. Until then, the problem of a pending shortage of fuel oils 
supply would have to be solved. Whatever are the suggested solutions, 
there is a general agreement on one point namely that the existing 
supplies should be used in the most economical way. Combustion 
efficiency should be brought up as high as possible. Of prime impor- 
tance, therefore, to the engineer is an understanding of the process of 
burning fuels. The problem is of a particular importance in the 
Middle East for two reasons, firstly, there is the fact that future 
resources of fuel oils will be mainly Middle East crudes. Secondly, 
a big proportion of the yield of these crodes is composed mainly of 
residual type fuels whose process of burning is only slightly under- 
stood. Since the fuel oils are generally burnt in the form of sprays 
which consist of small droplets of varying size, it was narural that the 
greatest parts of study for a best understanding of their combustion 
have been made on single droplets. 
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In the present article, a review is first made of the work carried 
out so far on this point with tbe purpose of finding out the points 
which would need more study. An outiine of a plan of study which 
is being carried out at present by the authors is then given. 


Historical REVIEW 


The combustion of sprays of liquid fuels involves a number of 
complex processes, most of which are only incompletely understood, 
but which could be sammarised as follows:— As oil droplets enter 
the furnace, they receive heat by convection from preheated combustion 
air and from recycled combustion products. They also absorb energy 
radiated from the furnace walls and from the flame. This addition 
of heat causes the droplets to evaporate and in some cases to polymerise 
and crack while still being in the liquid state. The major portion of 
thecombustion occurs in the gas phase with the production of a diffnsion 
flame lying either at the oxygen-rich boundaries of eddies containing 
many vaporising droplets or, depending on mixing conditions, a 
diffusion flameat least partly surrounding each droplet. Also transition 
from the first to the second state may occur along the flame path in the 
furnace. This flame is often made luminous by the formation of 
carbon due to cracking reations in the gas-phase. 


It is clear that the rate of combustion of the fuel spray is normally 
considered a complicated function of the following: 

1. The size and velocity distribution of the droplets. 

2. The physical and chemical properties of the fuel. 

3. The surronndings (gas composition, temperature, etc.). 


4. The character of the mixing process of the spray with air and 
with combustion products. 


Recent papers have reported certain experimental and theroretical 
aspects of combustion of liquid droplets in gaseous reactants. The 
experimental procedures employed in these fundamental studies of the 
burning rate may be grouped into the following three categories : 


A.—The processof non stationary, nonsteady-state combustion 
in which a free falling droplet is allowed to come in contact with 
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a reacting gas (such as the works of Topps (5), Hottel and Simpson (8), 
Ezzat (10). 


B.—The process of stationary, nonsteady state combustion in which 
the combustion rate of a droplet suspended in a reacting medium is 
determined from the variation of droplet size with time (such as works 
of Godsave (2), Halland Diederichen (1), Kiyosi Kobayasi (6), Niichi 
Nishiwaki (7)). | 


C.—The process of stationary, steady state combustion. in which 
the geometric dimensions of asupported droplet are maintained constant 
during combustion (such as works of Splading (3), Wise and Wood (4)). 


The Theory of Combustion of a Liguid Fuel Oil Droplet. 
The Film Concept and Combustion of Liquids. 


The combustion of liquide is an example of combined heat transfer, 
evaporation, diffusion and chemical reaction. Much work has been 
done on the related problem of heat and matter transfer in all of which 
a thin film of stagnant gas was visualised as adhering to the surface 
of the liquid across which heat transfer takes place by pure conduction. 


The whole temperature drop was also considered to occur across 
this thin film. This film concept is illustrated in (figure 1) where 
the appropriate temperature and partial pressure curves are shown. 


An accepted assumption by most of investigators is that there 
is no chemical resistance to combustion, which implies that as 
soon as fuel and oxygen molecules are brought together by diffusion 
they react producing the appropriate amount of heat. Although 
Kinetic considerations show that there must be several stages in the 
reaction and that numerous intermediate compounds and radicals are 
formed they are supposed to follow one another so quickly that they 
occupy negligible space and time. The stagnant film is therefore 
divided into two parts by a surface parallel to the film boundaries at 
which combustion takes place. This surface is represented by (B) 
whilst the film houndaries are represented by (A) on the liquid side 
and (C) on the gas side. 
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In the part of the film between (A) and (B) fuel diffuses as vapour 
from the liquid side, while oxygen diffuses from the gas stream 
beyond (C). These molecules are consumed at (B) and beat is deve- 
loped while molecules of the combustion products are produced which 
must diffuse outwards across (B.C.). These combustion products are 
assumed in the first instance to be carbon dioxide and water vapour, 
this neglects dissociation which will certainly be considerable at the 
temperatures in question, though difficult to assess quantitatively. 
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Fuel Oil Droplets in a Gas Stream 


Under steady conditions, the heat developed at (B) must be 
dissipated as soon as produced. For this the only mechanism is 
conduction, whilst radiation as stated by most of investigators is 
considered negligible in comparison to conducted heat. ) 
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Combustion Time: 

The combustion time of separate droplets has been always the 
main objective of recent works in this field. All these works were 
based on the assumption that all the fuel arriving at the combustion 
surface is consumed. Then under steady state condition the rate of 
consumption (or burning) of fuel is equal to the rate of vaporisation. 
This leads to the fact that the prediction of reaction time is a physical 
problem and not a chemical one. 

The rate of vaporisation was calculated by previous investigators 
by setting up equations for a heat and matter balance for the diffusing 
system, the quantities involved being : 

(a) The diffusion of oxygen to the combustion surface. 

(5) The fuel/oxygen ratio. 

(c) The heat flow between the combustion and liquid surfaces 
and that between the combustion surface and the ambient gas. 

These equations give burning time depending on the evaporation 
rate which is controlled by : 

1. The heat transfer rate through the diffusion film to the 
liquid surface. 


2. The geometry of the surface. 

3. The nature of tho fluid. 

4. The velocity of the oxidiser stream flowing past the droplet. 

The results of all investigators in this respect verified that the 
rate of evaporation from a spherical surface is proportional to the 
first power of the diameter which is called by Godsave (2) “ The first 
power of the diameter law”. This was deduced as follows : 


The plot of experimental results of the (diameter)? against 
(time) was found to be linear. 


Thus d*? = do* —at . : : : : ; (1) 


where do is the diameter at time to; and A is a constant 
characterising the rate of decrease in size of the drop, and is called 
the evaporation constant which is determined directly from the slope 
of plots (d?) against (t). 
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dd 
By differentiating equation (1) 2d qT r 
d’ dd 
But rate of change of volume re - ($ ) = ™o ap 
AT 
Sa d 


At constant mean density of the liquid (p) it follows that the 
mass rate of change in size is 


ne ee OE LL Ee 


Again from equation (1), if (t,) is the drop life in seconds it 
2 


d 
follows that d = o when t = f hence t= = which means that the 


droplet combustion time is proportional to the square of the initial 


diameter. 


Recent EXPERIMENTS 


Recent experiments were carried out by one of the authors 
(Mr. M.I. Mikhail()) on different types of hydrocarbons namely 
straight distillates, residual fuels as well as blends of both types using 
a technique similar to that used by Godsave (2), in his investigateons 
referred to herein by suspending droplets on silica filament and then 
filming the droplets burning. Here, radiating elements were used in 
order to simulate by their radiation of heat the true condition under 
which droplets burn inside the body of industrial flames. Incidentally 
these radiating elements function also as igniter to droplet instead of 
igniting torches or high tension sparks used by other investigators. 


(1) Professor M.W. Thring, profcssor of fuel Technology at Sheffield 
University has kindly helped in providing the facilities for carrying out 
these experiments. 
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The results of these experiments, reference figure (No.2) showed 


the following : 


A.— Distillate type fuels : 

i. A linear relation between evaporation rate and time, which 
agrees with the “ First power of the diameter law” originally 
developed by Godsave (2). 

ii. The recorded rate of evaporation for Kerosine which was taken 
as a reference fuel for comparison showed an increase of 48 % 
over that given by Godsave (2) in his experiments on same fuel. 
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Fia. 2.—Burning Characteristics of Fuel Oil Droplets 


B.—Residual type fuels : 


i. Burning of residual fuel droplets behaved differently. Droplets 
of these fuels swell durning in contrast with straight distillate 
type fuels, and the burning in this case does not follow the 
same law ‘i.e. ‘First power of the diameter law”. Professor 
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M.W. Thring has shown great interest im these recent 
experiments and commented on the results obtained stating 
that further work should be carried out on same lines to 
clarify points so far not understood. 


Furure INVESTIGATIONS 


After a study of previous investigations carried out on burning 
of fuel oil droplets, a survey of which is stated herein, the authors 
believe that the results fail to explain certain phases of the burning 
process which they think need further study before a complete and 
comprehensive understanding of the droplet burning 1s obtained. 
The points which will be therefore covered in the present phase of 
experiments could be briefly summarised as folloms : 


1. Radiation effect of droplet own flame on the burning time. 
In order to show this effect the authors apply in their current experi- 
ments a technique which they adopted and that simply consists of 
evaporating a droplet in a Nitrogen otmosphere thus eliminating the 
factor of radiation of droplet own flame. 


2. Radiation effect of other surrounding droplets flames on the 
burning time of the investigated droplet. Here, radiating elements 
will be used to simulate the effect of othe rburning droplets. 


3. The condition of droplet interior during the process of 
burning, and those conditions which lead to the formation of 
cenospheres on burning residual type fuels. The technique used by 
the authors in this case consists of hanging the droplet at the end 
of a tube carrier through which thermocouple wires are lead to the 
centre of the droplet. 


4, The effect of the surrounding gas composition on the burning 
time. This will be achieved by burning the droplet in an atmosphere 
of gas of controlled composition. 


5. The effect of the flame envelope thickness on the burning 
behaviour of the droplet. 
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COMPOUNDING THE NORMALLY ASPIRATED 
SPARK IGNITION ENGINE 
BY 
Dr. TALAAT EL-SAYED AHMED YOUSSEF 


The purpose of this paper is to focus the attention on -the 
potentiality of power recovery of part of the energy in the exhaust 
of normally aspirated spark ignition engines. In view of the fact 
that from 30 to 50% of the energy of the fuel released during 
combustion in an engine escapes through the exhaust, increasing 
attention is being paid to the recovery of this energy. 


The energy in the exhaust can either be used for heating or for 
producing mechanical work. The thermal utilization of the exhaust 
has already been successfully applied to heat exchangers and exhaust 
boilers. The utilization of the energy in the exhaust in producing 
mechanical work is more tempting and rewarding since it adds directly 
to the output and thermal efficiency of the engine. Engines designed 
with power recovery of part of the exhaust energy are called 
compound engines, 


Compounding has been given greater attention by aero engines 
engineers and as a matter of fact it is viewed by most of them as the 
last futile attempt to prolong the existance of the reciprocating 
engine for aircraft propulsion. Although jet stack arrangements (1) 
can be considered as a form of compounding the aero-engine, many 
compounding arrangements have been proposed lately (7) covering 
avery wide range, all the way from the turbosupercharged aircraft 


(1) See SAE Transactions Vol. 54, 1946 “ Utilization of Exhaust Gas of 
Aircraft Engines”, by B. Pinkel. 

(?) See SAE Transactions Vol. 4, No. 1,1950 ‘ Compound Engine Systems 
for Aircraft”, by E.J. Manganiello, L.V. Humble and D.S. Boman, 
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engine, where the engine develops all the shaft power, to the hot-gas 
generator plus turbine combination, where the turbine develops all 
the shaft power. These arrangements deal only with aircraft engines 
and the highly supercharged compression ignition engines (*). 


Computations presented in this paper will help to show the 
possibility of compounding the normally aspirated spark ignition 
engine. Only a blowdown turbine is to be connected to the engine 
crankshaft through proper gearing. The blowdown turbine is similar 
to the Buchi and Holzworth turbines. It derives power from the 
velocity energy generated during the exhaust blowdown period and 
requires individual stacks from each cylinder, or groups of cylinders 
without overlapping exhaust periods to the turbine nozzle box. 


Because it utilizes the existing velocity energy of the exhaust 
gases, it does not impose any back pressure on the engine. A steady- 
flow turbine works on the expansion of the exhaust gases from the 
higher pressure in the exhaust pipe to the lower atmospheric pressure. 
The back pressure imposed by the steady-flow turbine, although can be 
utilized with advantage in case of highly supercharged engines or at high 
altitudes, yet it cannot be tolerated in the case of normally aspirated 
engines, especially under part load throttled conditions. It will be 
shown later that the blowdown turbine will contribute a considerable 
amount of useful work under partially opened throttle conditions. 


CONVERTIBLE Browpown ENERGY 


The reciprocating engine exhaust process is one of the most 
interesting and complicated problems encountered in engine analysis 
because it involves extremely rapid changes in thermodynamic and 
gasdynamic characteristics of the working fluid. 


The theoretical Otto cycle indicator diagram is illustrated in Fig. 1 
Process (4-1) is the release or blowdown process, where the exhaust 
gas is discharged from the cylinder. The maximum theoretical work 


(3) See SAE Transactions Vol. 3, No. 1949 “ ig ge Powerplants”’, 
by P. H. Schweitzer and J.K. Salisbury. 
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that can be recovered from the exhaust gases in a blowdown turbine 
is represented by the tail of the P-V diagram. This maximum work 
that can theoretically be obtained from the exhaust gases during the 


blowdown period is called the convertible blowdown energy (‘) and is 
given by, 


_ (@ See “Scavenging of Two Stroke Cycle Diesel Engines”, by 
P.H.Schweitzer. 
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= (E,—E,)—Ap, (Nia oat hs 
where  W. — Convertible blowdown energy Btu/lb. 

E = Internal energy Btu/lb. 

Pp. — Exhaust manifold pressure lb/sq. ft. absolute. 
V_ == Specific volume cuft/lb. | 
A 


Browpowwn Losses 


Only a portion of the convertible blowdown energy can be 
recovered as useful work because of the unavoidable blowdown losses" 
Radiation and conduction heat losses from the port and the exhuast 
pipe will reduce the energy content of the gases. The conversion of 
potential energy into directed kinetic energy is generally accompanied 
by friction, shock and eddy losses which reconvert part of the directed 
kineticenergy back into random kinetic energy (heat) at approximately 
constant pressure. At present, power recovery is not a consideration 
in the design of exhaust ports. Even if it were, the port design could be 
correct for only one instant during the blowdown, and would be 
either too large or two small for all other conditions. Consequently 
the reheat loss will be always present in the blowdown process, but 
it probably can be reduced somewhat by improved port design. 


On the other hand the blowdown turbine has to negotiate widely 
varying blade to jet speed ratios, which will make the design of an 
efficient blowdown turbine rather difficult and involving considerable 
compromises. 


PERFOMANCE CALCULATIONS 


The influence of various design and operating parameters, as well 
as the performance of the blawdown compounded engine, can be 
predicted with fair accuracy by computations based on the thermody- 
namic charts (5). : 


(5) See SAE Transactions Vol. 31, October 1936 ‘Thermodynamic 
Properties of Working Fluid in Internal Combustion Engines”, by R.L.Hershy, 
J.E.Eberhardt and H.C. Hottel. 
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Design factors such as engine compression ration, induction 
manifold pressure and the efficiency of recovery of exhaust blowdown 
energy were studied and results presented herein are illustrative in 
showing the effect of each of these factors on engine performance. 
Assumptions used in the computations of theoritical cycles are: 


1. Ambient air is at 14.7 psia and 100°F. 
2. Processes are isentropic. 


3. Mixture used is the chemically correct mixture of C, H,, and 
air, fuel-air ratio .0665 (Hottel Charts). 


4. Inlet and exhaust valves open and close at dead centres. 


In view of the fact that test results on this type of compound 
engines are unavailable at present, the following assumptions are 
made in an attempt to arrive at the expected performance of actual 
engines. 


1. 20 ¥ of the heat added is rejected to the cooling water. The 
distribution of the cooling losses throughout the cycle is taken in the 
manner given by Taylor and Taylor (°). 


2. Due to the fact that in an actual engine combustion does not 
take place at constant volume and the exhaust valve has to be opened 
considerably before dead centre, a diagram factor of .9 is taken. 


3. A value of 81.5% for the mechanical efficiency is taken as 
this represents the average of the mechanical efficiencies of a good 
number of modern automobile engines at maximum power R. P.M. 


4, No attempt has been made to analyse blowdown losses. To 
study the gain in performance by the recovery of part of the energy 
in the exhaust, values varying from 70 to 30 % are assumed to represent 
the efficiency of blowdown recovery. These figures are supposed 
to cover the losses during the blowdown period as well as the inefficiency 
of the blowdown turbine. 


(5) See “The Internal Combustion Engine”, by C.F.Taylor. and 
K.8. Taylor 


= 204° 


Furr, THrorTtLte PERFORMANCE 


The percentage increase in net output and thermal efficiency of 
the theoretical cycle with blowdown compounding depends to a great 
extent on the compression ratio. The maximum convertible blowdown 
energy expressed as a fraction of the total energy in the fuel is shown 
in Fig. 3 to vary from .153 at a compression ratio of 4 to 112 at 
a compression ration of 16. The convertible blowdown energy per 
pound of mixture decreases from 185 to 142 Btu while the piston work 
increases from 287 to 672 Btu through the previous range of com- 
pression ratio. The drop in convertible blowdown energy as the 
compression ratio is increased is due to the fact that longer expansion 
results in lower pressure and temperature at the moment of opening 
the exhaust valve. 


Fig. 2 shows the percentage increase in power and efficiency with 
compounding. This increase decreases from a value of 62°/y at a 
compression ratio of 3 to 21.5 % ata compression ratio of 16 and indicates 
the very interesting fact that compounding is more rewarding at low 
compression ratios. 


Fig. 2 shows also that at any compression ratio the IMEP of 
the theoritically compound cycle exceeds that of the Otto cycle by 
a value which varies from 70 psi at a compression ratio of 3 to 57 psi 
at a compression ratio of 16. The theoritical effect of compounding 
on efficiency and indicated fuel consumption is shown in Fig. 3. The 
theoritical cycle efficiency at a compression ratio of 4 increases 
from °305 to .458 with compound-ing. Such an efficiency can be 
reached only at a compression ratio of 10 with an Otto cycle. 
Similarly compounding an engine of a compression ratio of 6 will 
increase its efficiency to a value which will be attained by increasing 
its compression ratioto 16. Such marked increase in efficiency, although 
obtained by theoritical considerations, serves to indicate very clearly 


t 


the potentialities of compounding. ; 


To get an idea of what change in performance would be expected 
in practice by compounding, the curves of Figs. 4 and 5 are computed 
on the basis of the assumptions stated previously. The improvment 
in performance is still appreciable in spite of the fact that the recovered 
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blowdown energy has to be decreased due to the unavoidable blowdown 
losses and turbine inefficiency. In investigating the actual performance 
the effect ot the exhaust recovery losses on the increase in power and 
efficiency is rather compensated by the effect of the losses that have 
to be considered when an attempt is made to compute cylinder output 
from theoritcal values. Fig. 4and 5 show that the effect of compounding 
on performance is still interesting even when the blowdown recovery 
is not complete. It is interesting to notice from Fig. 4 that the 
percentage increase in power and efficiency due to compounding will 
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70 % recovery, which is approx. similar to what was obtained by the 
thecritical considerations presented in Fig. 2. 
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Curves presented in Fig. 4 show that more returns are still obtained 
at lower compression ratios even if recovery is not complete 


At compression ratio 6, the percentage increase in power and eff. 
decreases from 40 % with blowdown recovery of 70%, to 18.5%, with 
30% recovery. This is stilla marked improvement as Fig. 5 shows 
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that at a compression ratio of 6 the brake thermal efficiency of the 
engine is expected to increase from .26 to .36 with 70% blowdown 
recovery, and to .30 with 30% recovery. A brake thermal efficiency: 
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of .3 is obtained with the Otto cycle engine at a compression ratio of 
8.5. This clearly shows that if only 30% of the convertible blowdown 
energy in the exhaust is recovered, the gain in power and efficiency: 
will be equivalent to an increase in compression ratio from 6 to 8.5. 
This is an appreaciable improvement since no one would underestimate 
the extensive effort in research and design required to raise the 
compression ratio of the engine to 8.5 and still use the same fuel as 
before. A low value of 30% for blowdown recovery is to be expected 
at the early stage of development of the compound engine, since 
information about exhaust ports and exhaust manifolds suitable for 
maximum blowdown recovery and about the turbine itself is unhav- 
ailable at present. If more design data become available and exhaust 
recovery can be increased to 50% , the brake thermal efficiency of an 
engine of a compression ratio 6 can be increased to .33 which is the 
efficiency to be expected from an Otto cycle engine of a compression 
ratio 12. Such a compression ratio seems far beyond reach at present | 
due to the knock limits set by detonation. 


Specific fuel consumption in lb per BHP hr. decreases from .515 
for the simple engine of 6:1 compression ratio to .44 with 30% 
blowdown recovery at the same compression ratio. If blowdown 
recovery is improved to 50 and 70%, specific fuel consumption is 
expected to decrease to .4 and ,365 lb/BHP hr respectively. Such fuel 
economy is similar to what is obtained from compression ignition 
engines with higher compression ratios and higher cylinder pressures. 


The ever increasing demand for higher output-and efficiency by 
increasing engine compression ratio limited the minimum Octane 
number of the fuels to be used. Unfortunately high quality gasolines 
are rare in nature and have to be processed at considerable cost. 
Chemical compounds added generally increase cylinder deposits and 
engine wear. Compounding may open the field for the use of inferior 
fuels which are more abundant and cheaper to buy. A fuel having 
highest useful compression ratio of 4 is used in a simple engine at 
a brake thermal efficiency of .207. If 50°/, of the blowdown energy 
is recovered, the efficiency of the compound engine will be .285 which 
can be obtained by a fuel of highest useful compression ratio of 7.4 
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in a simple engine. If the blowdown recovery is increased to 70°/, 
the efficiency increases to .315 which can be obtained by a fuel of 
highest useful compression ratio of 10 in a simple engine. 
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Part-THroTrte PERFORMANCE 


The investigation of compound engine performance under part 
load conditions is presented in this paper for theoretical conditions 
only. It is believed such theoretical investigation is useful to study 
the characteristics of compounding. 


Figs. 6 and 7 show that the gain in power and efficiency by 
compounding is reduced as throttling is increased. This is mainly 
due to the fact that as the pressure in the induction manifold is 
decreased, the temperature and pressure at the end of the expansion 
stroke decrease. There is a reduction in the percentage increase in 
power and efficiency from 39 to 18°/, when the inlet pressure is © 
reduced from 14.7 to 8 psia. The gain is still quite appreciable 
at intermediate loads with increases of 31 and 25°, at inlet pressures 
of 12 and 10 psia at the same compression ratio of 6. 


Fig. 7 shows that under part load conditions compounding is 
still more effective at low compression ratios. The efficiency of the 
compound cycle behaves in a similar manner as that of the Otto cycle, 
as both efficiencies decrease with reduction in inlet pressure when the 
exhaust pressure is kept constant. Fig. 7 shows that the efficiency 
of the compound cycle at an inlet pressure of 8 psia is always higher 
than that of the Otto cycle at full throttle. 


Fig. 9 present the indicated mean effective pressure of compound 
and Otto cycles at different inlet pressures which indicates that there 
is always an appreciable gain in output with compounding. 


The indicated thermal efficiency and specific fuel consumption 
for both cycles for a wide range of part load operation are presented 
in Fig. 10. It is to be noticed that the drop in efficiency due to 
throttling is slightly steeper for the compound cycle. 


CoNCLUSION 


The compound cycle proposed in this paper and shown in Fig. 1 
is exactly similar to the Atkinson cycle which has been discarded and 
was impossible to utilize in a reciprocating engine due to the unequal 
expansion and compression strokes. In the proposed cycle the extra 
expansion will take place in the blowdown turbine. 
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Very little data is available at present dealing with the efficiency 
of the blowdown recovery process. The flow process is complicated 
and what improvement to be expected in energy conversion can be 
only obtained by actual tests conducted under a multitude of 
simulated operating conditions. This should not be discouraging as 
a considerable amount of research and testing and complete alterations 


in engine design have to be niade at considerable cost to increase the 
tT *& 


— 304 — 


engine compression ratio slightly. No less effort and expenses have 
to be spent to raise the Octane Number of available fuels. Better fuel 
economy and more power output may be obtained if part of the effort 
given to raise engine compression ratio and the quality of gasoline 
fuels is directed towards the development of blowdown compounding 
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of normally aspirated engines. These efforts may not exceed, if not 


less, than what have been spent to develop the new automatic 
transmissions. 
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Blowdown compounding may lead to aircooled engines of slightly 
lower compression ratios and of simpler design using cheaper gasoline 
and running at higher efficiency than present spark ignition engines. 
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A STUDY OF THE EFFECT OF GAS MEDIUM AND OIL 

TEMPERATURE ON LUBRICATING OIL DETERIORA- 

TION IN AN APPARATUS UNDER CONDITIONS AS 
THOSE PRESENT IN CRANKCASES OF SPLASH 
LUBRICATED INTERNAL COMBUSTION ENGINES. 


BY 


H. M. EL-SABILGI, Ph. D., M. Sc., M.S. A.E. 


Lecturer of Mechanical Engineering, Faculty of Engineering, Cairo University 


INTRODUCTION 


The use of fresh atmospheric air, as a scavenging medium, in 
crankcases of splash lubricated I. C. engines, is a recent practice adopted 
to inhibit oil-sludge formation, in crankcases of such engines, (R-1). 
It is meant by the work presented in this paper to study the effectiveness 
of this medium and of some other factors, which may be present in those 
crankcases, mainly the gas medium and the oil temperature, on the 
deterioration products, in an apparatus specially designed for this 
purpose. 


Tests carried out in this work, show clearly that the oil stands 
stable for a certain time, before passing to breakdown due to the 
excessive accumulation of the deterioration products. This time which 
is refered to as the stability index, apart from being dependant on the 
operating temperature, was found also to be dependant on the type 
of gas medium present in the crankcase atmosphere. It was found 
also, that under different conditions of temperature, and having air 
as the circulating medium, the oil stands comparatively stable until 
a certain critical temperature is reached, after which it will start to 
show excessive amounts of deteriorating products. 
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Having realised the importance of this critical temperature, it is 
suggested, in this work, that the tests carried out for rating different 
oils, as regards their stability, should be limited up to the time showing 
their critical temperatures, irrespective of waiting for the actual 
occurance of the oil breakdown. This meant the saving of a big effort 
as it was able to reach these temperatures in comparatively short 
duration tests. 


It was also possible to show that unless the lubricating oil 
temperature is put under careful control, so as not to reach its 
critical temperature, under the different operating conditions, air which 
is used as the ventilaing medium in practice, could be more detrimental 
to the oil than the other gases which may be present in the crankcase 
and being replaced by the air. This statement deals only with the 
deterioration products originating from the oil and not those coming 
from outside. 


Oil deterioration, in splash lubricated I. C. engines, can be mainly 
looked upon to take place under two distinct different conditions. 
Theee are: 


1. The rubbing action and heat while the oil lubricates the different 
engine moving parts. 


2. The agitating action and heat in certain atmospheres, as exist 
in the crankcase of the engine. 


In the current work, the second condition is only dealt with. 
The apparatus used in the investigation, is designed to duplicate, as 
near as possible, conditions existing in the crenkcase of a splash 
lubricated engine. This can be considered as a reservoir of oil at a 
certain temperature, well agitated and kept in toach with different 
gases and metals, giving different catalytic oxidation effect. These 
factors are taken into consideration in the apparatus design which is 
shown clearly in Fig. 1. 


The tests carried out in this work fall under the following two 
main groups of tests: : 


1. The first group of tests deals with the investigation of the 
effect of the different gas mediums on oil sludge, while the oil 
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temperature is kept constant at 280 deg. F. This temperature is the 
one adopted in the 36 hours engine test, as the crankcase oil temperature, 
when rating different oils for stability (R-2). The oil tested in this 
group is a straight mineral naphthenic base oil A, and the tests are 
carried out ander a constant charge of the oil, of about 4.5 litres. 
This amount can be considered as a mean value in practice. The gas 
mediums chosen for these tests are: Air, Oxygen, Carbon dioxide, 
Nitrogen, and different types of exhaust gases of known analysis. 
The tests are carried out at intervals of 8 hours daily run, at the end 
of which a sample is taken, while the oil is still under the test conditions 
and analysed. The same procedure is carried out for several intervais 
and the rate of sludge formation is recorded for every condition. 


2. The second ‘group of series of tests deals with the investiga- 
tion of the temperature factor. The same procedure is adopted as 
above, but with varying the oil temperature. Air is chosen as the 
cireulating gas medium in this series of tests. The same naphthenic 
base oil as above is again tested together with the testing of another 
straight mineral paraffinic base oil B. 


In all the previous tests, the apparatus is ligned with a copper 
liner which is claimed to have the most catalytic effect as regards oil 
deterioraiion (R-4). All other different parts inside the apparatus 
and are in contact with the oil, are nickel plated to render them inert 
as regards oil deterioration. 


1.—Erresct or Gas on O1n DetrerioraTION UNDER 


THE SAME TEMPERATURE. 


Fig. 2, gives the rate of increase of both the petroleum ether 
insolubles and the chloroform solubles with the test time, when testing 
the naphthenic oil A. It shows that the rate of increase of these 
products is comparartively small for a certain time depending on the 
test condition of the percentage presence of oxygen in the circulating 
gas medium, before it shoots up suddenly, The point at which the 
rate of increase of these sludge measurements starts being very high, 
no doubt indicates the time after which the oil under test becomes 
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unstable. This meant that the oil has attained a critical state of 
deterioration and accordingly the time of each test is limited to that 
giving this sudden increase in the rate of increase of these deterioration 
products, In the current work, the time taken by the oil to show 
a sudden rush of its sludge insolubles is going to be refered to as the 
stability index of the tested oil under the specified test conditions. 
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When there is only traces of oxygen, or no oxygen at all, the 
rate of increase of these deterioration products, remains constant and 
comparatively small for a very long time, or it may tend to decrease. 
This is shown by curves of N, and CO, in the same figures. 


The rate of increase of the neutralization number in all the above 
tests is given in Fig. 3, which shows that in all cases, where there is 
enough amount of oxygen, the rate of increase follows exactly 
a behaviour opposite to the one given by the oilimsolubles. The rate 
of increase starts very high at the beginning, but decreases gradually 
until a maximum is reached. It may be of interest to notice that under 
the same test conditions, the time at which the maximum neutralization 
number is reached coincides nearly with the time at which the rate 
of increase of the oil deterioration products increase suddenly. 
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Fig. 4, shows that the viscosity of the oil under all conditions 
increases at a constant rate... This rate increases with the increase of 
the oxygen percentage in the atmosphere in the apparatus. 


Thus, it may be concluded, that under the test temperature, 
oxidation is the main factor in’ the oil deterioration, in fact these tests 
show that the presence of air, (21% 0,), is more harmful than the 
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exhaust gases, (9 % , 14 % 0,). When there is no oxygen present, 


the change in the sludge measurements is practically nill. This 
statement can be more realized by the study of Fig. 7, which gives 
the relation between the stability index of the tested oil under 
the defferent operating conditions, and the amount of oxygen in the 
circulating gas medium. 


{I.—Errect oF THE CHANGE OF THE OIL TEMPERATURE ON OIL 


DETERIORATION WITH AIR AS THE CIRCULATING Gas MEDIUM. 


Fig. 5, shows the effect of the increase of the test tempereture 
on the sludge measurements when testing the naphtenic oil with air 
as the circulatiug gas medium. A study of this figure shows that 
the effect of increasing the oil temperature becomes more as with high 
temperatures. In fact, an increase of temperature from 220 deg. F. to 
265 deg. ¥., gives a much smaller change in the increase of the sludge 
measurements, than an increase from 265 deg. F. to 280 deg. F. 
Thus, the increase in the oil temperature has a slight effect on oil 
stability, under comparative lower temperatures, until a certain critical 
temperature is reached, after which any further increase in temperature 
has a marked effect on the stability of the oil. 
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Vie. 5.—Effect of Oil Temperature on Sludge measurements. 


Fig. 6, gives the change in the value of the petroleum ether 
insolubles with temperature, for certain test times of 40, and 32 hours, 
and shows that the increase in those insolubles is very small up to 
temperature of 260 deg. F., and after which their rate of increase with 
the increase of oil temperature becomes very high. This temperature 
could possibly indicate a critical stage of temperature for the tested 
oil under the specified test condition and beyond which, the oil is 
comparatively stable. Fig. 6, shows also that a short duration test, of 
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about 40 hours, is quite enough to be able to determine the critical 
temperature of the tested oil, irrespective of carrying out long run 


tests, as given in Fig. 5, in trying to search for the breakdown 
temperature. 
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Although this work is not intended to study the behaviour of 
different oils or to make a comparison between them, but rather to 
establish testing methods, yet it was thought useful to determine the 
critical temperature of a paraffinic base oil (B) when tested under 
a short duration testing procedure. Fig. 9, gives the results of such 
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tests and shows clearly that the paraffinic base oil, although is run 
under different conditions of test time of 24, 32, and 40 hours, yet 
they all agreed in giving a constant critical temperature of 315 deg. F. 
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Fic. 7.—Effect of Amount of Oxygen in ventilating 
Medium on Stability Index For Naph. Oil. 


The naphthenic oil (A), by giving a critical temperature of 
260 deg. F. (127.5 deg. C.), which is much less than that given by 
the paraffinic oil (B) which is 315 deg. F, (157.5 deg. C.), proves 
the fact given by other investigators, in stating that lubbricating oils 
of the paraffinic origin are more stable from the point of view of the 
petroleum ether insolubles formation ( RK-5, 6, 7). 


In a recent work carried out by the Author on a diesel engine, 
(R-8,), it was possible also to demonstrate the critical stage of 
temperature, which always preceed’s the oil breakdown. When 
testing two oils of the same above orign for ring sticking, the 
paraffinic base oil gave a critical temperature of 135 deg. €., while 
the naphthenic base oil gave a much lower temperature of 105 deg. C. 
It may be of some interest to notice that the difference in the critical 
temperatures for the two base oils in the two testing procedures is 
nearly the same and equals 30 deg. C. 
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Fig. 8.—Rating Oils According To Their Stability 
Index and the Indana Testing Standard. 


Moreover, comparing the results of the rate of increase of the 
petroleum ether insolubles with test time, obtained in this work, with 
those obtained in a similar work carried out when testing different 
oils under the Indiana Testing Procedure, and on engine tests, 
Fig. 10, (R-9), it can be noticed that the behaviour of the oils as 
indicated by the apparatus developed by the Author, conform more 
with those obtained by the engine tests. They both start by a slight 
and gradual increase in the insolubles, which is followed by a sudden 
rush period. The results obtained by the Indiana Testing Procedure, 
which is a bench test used for testing the stability of different oils, 
(R-9), does not show any increase in the insolubles for some time, 
and then the high rate of increase starts suddenly. This, together with 
the help of the previous discussion, may indicate that the apparatus 
developed in this work, gives testing conditions nearer to those 
obtained in an engine, than those obtained in the Indiana Test. 
The truth in this statement remains to be seen when further work is 
carried out to correlate the results obtained by this apparatus with 
those obtained in actual engine tests. 


Thus this work may lead to the fact that for testing the stability 
of an oil, two factors have to be determined. These are: 


1. The critical temperature of the oil. 


2. The stability index of the oil at temperatures above the 
critical temperature. 
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Fie. 9.—Effect of chanhing Test Temp. on Sludge 
Measurement for Paraffinic Oil B. 


This method may be more accurate than the rating of different 
oils, as regards their statiliry, by comparing the time taken to form 
10 mgms. of insolubles per 10 gms. of oil, which is the method adopted 
for rating different oils in the Indiana Testing Procedure. The 
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following example can help in claryfying this statement, Supposing 
that two oils A, and B. When tested for stability gave results as 
shown in Fig. 8. If the time to form 10 mgms. of petroleum ether 
insolubles is taken as an indicator of oil stability, the oil B will be 
rated as more stable than oil A, while in fact oil A is more stable as 
it gives higher stability index. 


TYPICAL SLYOGING TESTS. 


CURVES OF OILS RUNiN THE ENGINE 
AND tN THE INDIANA OXIDATION TEST. 
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Fig. 10 


This work shows also that the most important factor in the 
deterioration of oils at high temperatures is oil oxidation. At such 
temperatures which should be within the range of the critical tempera- 
ture of the tested oil, the stability index decreases with the increase of 
oxygen in the crankcase gas medium. This may throw some doubt 
on the subject of crankcase ventilation, as an effective procedure to 
inhibit sludge formation, in crankcases of I. C. engines under the 
different operating conditions. The results obtained in this work 
indicate that using air as the ventilating medium in the crankcases of 
such engines may be of no use, and perhaps more harmful, if the working 
temperature of the lubricating oil in the crankcase exceeds its critical 
temperature. ‘This could be the condition of operation of such type 
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of engines, when working in hot stmospheres. However, this statement 
can not be taken for the moment as definite, since there are many other 
factors involved, but this indicates that the problem of erankcase 
ventilation should have clearer studies than it has been given up to now. 


In conclusion, the Author feels that the results obtained in this 
work are not complete, and further work on this subject is already - 
planned. The results obtained so far, however, show clearly the way 
to be followed and is an indication of the necessity of further work 
on the subject generally, and it is felt that this work has pointed out 
to the way to be followed in further investigation. 
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A PROPOSED SCHEME FOR THE POWER CONTROL 
OF CONSTANT SPEED GAS TURBINES 
| BY 
N. M. RAFAT, B.Sc., D.1.C., Ph.D. 
AND 
S. A. FARAG, B.Sc, M.Sc. D.LC. Ph, D. 


INTRODUCTION 


~ Wenomore refer nowadays to the gas-turbine as the “ prime-nover 
of the future”. The torm has become an under estimation. The 
gas-turbine has already established a firm stand in many applications 
and is offering a strong competition with conventional types of 
prime-movers in many others. In the range of small and medium 
Electrical Power generation, for example, the gas turbine has many 
aduantages over the steam plant. The greatest of these lies in the 
absence of a water circult with all the problems connected with it such 
as feed water treatment. etc. Also, relatively low operating pressure, 
simplicity of design, low first cost, compactness, quick readiness for 
being put on duty and insignificant maintainence costs are only some 
of the many other advantages of the gas-turbine over its competitor, 
the steam turbine in this field of application (1). 


So far, the use of gas-turbines in this field was almost restricted 
to units answering peak-load requirements and running in conjuction 
with already existing Electrical Power stations of the steam or hydraulic 
type. However independent all-load gas turbine power stations are 
being built nowadays in ever increasing numbers(2). This gives the 
question of part-load performance of a gas-turbine unit used for 
Electric Power generation a greater importance than it has so) far 
assnmed, 
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With this point in mind and with the belief that the gas-turbine 
ig well suited for Electrical Power generation in some isolated parts 
of our country, we have taken over the present study of the Power 
coutrol of Gas-turbine units used for this purpose. 


Gas-Tursine Part-Loap CONSIDERATIONS 


The type of variation of efficiency with output demanded by 
different duties of a gas-turbine varies considerably. As regards 
the type of duty under consideration namely all-load electricial 
power generation, a gas-turbine will, it is presumed, require as small 
a variation in officiency as it is possible to obtain for changes in output 
down to low relative powers of say 20 % design power. 


The possibility of good part-load efficiency for the desired 
working range, promised by any particular component arrangement 18 
of little value, however, if the arrangement encounters major parctical 
difficulties in operating over this range. These difficulties (excluding 
those of mechanical nature) are: ‘ 


1. Surging of the compressor or compressors. 


bS 


. Over-heating of one or other of the turbines. 
3. Over-speeding of one or other of the rotors. 
4. Over-heating of the H. E. Tubes. 


Of these difficulties surging presents the most impossible limit 
and it seems likely that this condition must be avoided at all costs. 
Because of stress difficulties both over-speeding of any component and 
over-heating of a turbine are likely to have adverse effects on the life 
of an engine and should in consequence be avoided if at all possible (3). 


Meruops or Power ConTROL 


Although the possible arrangements of components in a gas turbine 
installation run to a great number, those used for electrical power 
generation can be put under two main general classificantions (4) : 


1. Installations in which the turbine which drives the Electrical 
generator also supplies power for the drive of one or more compressors. 
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2. Installations whose gas tnrbine comprises two separate parts 
(with or without reheat between them) one which drives only the 
compressor, while the other supplies the effective power to the 
generator. 


In any case, the generator which gives a constant frequency 
electricity supply must run at constant speed at all loads. It thus 
follows that in the first classification the compressor speed must also 
be constant at all loads while in the second classification the speed of 
the compressor set can (or must) be reduced during periods of part 
loads. The power-turbine in this ease will ran independently at 
constant speed. 


Regulation of load in each of the two types of engines is carried 
on as follows: 


(1) In an installation of the first type where the compressor 
speed is constant at every load, the air quantity would be very nearly 
constant. Matching of components (compressor and turbine) according 
to the characteristics of both, necessitates, however, a decrease in both 
pressure ratio and max. temp. as the load is reduced, This is readily 
shown by the “ellipse law” expression (5). 


conventionally used for denoting the characteriatics of a multistage 
turbine and where 


m == mass flow. 
T, = max. temp. 
m ent 
P_ = max. pressure. 
m 
R = Pressure Ratio 
and K = a constant 


2. In an installation of the second type where the compressor 
speed drops with reduction in load, the air quantity compressed as well 
as the turbine pressure ratio drop with load. The control is thus 
achieved mainly by varying the air quantity while the maximum 
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temperature is maintained approximately constant. Below a certain 
load, however, it is usually necessary to lower the maximum temperature 
as well in order that the heat exchanger tubing is not exposed to the 
high exhaust temperature resulting from the lower turbine pressure 
ratio at these low loads (4). 


CoMPARISON BETWEEN MetHops or CoNTROL 


Figure 1 reproduced here from reference 4 shows the influence 
of these two types of control on the efficiency of the unit. It is clear 
that the first type of control namely that with a constant speed 
compressor, gives a lower relative part load efficiency. 
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The thermal efficiency of a gas-turbine plant, piotied with respect to the relative toad P/P, with constant and variable compresaor speed 


a = Installation without regenerator bd = Installation with regenerator 
tm « Thermal efficiency wth at the cated compressor speed ~~ «= Thermal efficiency mh with # = 110, 90, 8. 70, and 50% 
of the rated speed wn, 
— — == s Thermal efficiencies yr at vanous temperatures (Ty) m =: -sam = Thermal efficiency wth with a gas temperature (T,) of 
front of the gas turbine 450 °C at the regenerator anlet ; 
Fie. 1 


The figure also shows that the second type of control where the 
compressor speed is varied with load, gives quite a favourable part 
load efficiency. Below a certain load (Point A) however, the 
maximem temperature (curve B) has to be lowered due to the 
limitation of the temperature at the inlet to the Heat Exchanger 


(curve C). 
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Fig. 2 shows a tyical overall characteristics of a high duty axial 
compressor(°). According to method (1) of control a lower load at 
constant compressor speed would mean a shifting of the working 
point towards the steep part of the constant speed line and hence 
a tendency towards chocking and the troubles connected with it. 
The range of load variations, therefore, had to be very narrow. 
Moreover, any appreciable variation of load in this case would mean 
a big drop in the compressor efficiency. Scheme (2) of Power control 
gives no doubt a much higher relative part load efficiency. However, 
a compressor designed for certain optimum conditions of speed and 
efficiency will, when run at other speeds, be exposed to stage 
mismatching. Quoting A.D.S. Carter (Ref. 7, Page 5-33): “ As most 
compressors have to operate over a speed range, some mismatching 
will occur. In examining the performance under such conditions, it 
will be assumed that there is some speed at which the compressor is 
matched. This will correspond to the point of maximum polytropic 
efficiency. A stage-by-stage calculation, based on mean values for 
this flow, would show a fairly constant incidence relative to optimum 
at the mean diameter, i.e. the optimum flow coefficient is maintained 
at each stage. Such conditions cannot be maintained for all stages 
other than at the matching point. For example, at lower speeds less 
work will be done by the first stage. Consequently, the density 
will be less than design at entry to the second, and once the flow area 
is constant the fluid velocity will be higher. This results in even 
less work being done by the second stage and a higher velocity at 
entry to the third and so on through the compressor. 


The variation of incidence on successive blade rows will tend to 
become modified as shown in Fig. 3. The incidence increases towards 
stall on the L.P. stages and decreases towards choke on the H.P. 
stages as the speed is reduced until some speed is reached at which 
these occur simultaneously. Below this speed the compressor can 
only operate with one or more stage permanently stalled. The 
compressor itself does not surge, due to the stabilising effect of the 
H.P. stages”’, 
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Fie. 2.—Typical Overall Characteristics of a High Duty 
Axial Compressor 
(Results from A. R. Howell, Proc. 1. Mech. E., Vol. 168, p. 2438.) 
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Fia. 3.—Variation of Incidence through High 
Duty Compressor at Various Speeds 
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In units using a high pressure ratio, stage compression (with or 
without intercooling) is necessary. Compressors mounted on same 
shaft present in this case a great difficulty in matching at off-design 
points particularly when intercooling is used (Fig. 4)(8). At lower 
speeds, there is a tendency for the low pressure compressor to surge 
and for the high pressure compressor to choke. 


It is obvious from the above discussion that a great deal of 
refinement in compressor design would be of no value if the compressor 
in an all-load unit is going to be exposed to the above mentioned 
troubles at off-design points. As is well known, a compressor designer 
find it necessary to resort to a great number of compromises in design : 
at the design point, i.e. point of maximum Polytropic efiiciency, 
optimum conditions are chosen with regard to incidences, etc. with the 
result that at other working points aerodynamic eonsiderations such 
as angles of incidence etc. would not be optimum. However, since 
the compressor has to operate over a speed range, the designer would 
have to sacrifice optimum considerations in order to minimise stage 
mismatching at off-design points. 
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Fia. 4.—Skeleton Characteristic of Two 
Compressors in Series on the Same Shaft 
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Ture Provosep SCHEME FOR PowER CONTROL 


It is obvious from the above discussion of the methods of power 
control that as far as the compressor in a gas-turbine unit is concerned, 
it would be of great advantage if some method could be devised by 
means of which the power of the unit is varied while the compressor 
operates constantly at the same point on its characteristics at all loads. 


Fig. 5 shows a new scheme proposed by the authors for the 
power control of a gas-turbine unit in which the above condition is 
fulfilled, At full load, the operating conditions are exactly the same 
as those in a conventional gas-turbine unit. The air compressed in 
the first stage compressor a after passing through the intercooler. 6 is 
compressed to the maximum pressure in the second stage compressor C. 
The air passes then through the heat exchanger d, the combustion 


4 Proposed Scheme forthe Fawer Conlrot 
_of Consfant Speed Gas. Turbines 


& 
a:zL.F Air Compressor b= 4fauxilary Heat. Exchanger 
6 = Intercooler 2-Thrott/é Valve 
c= AP Ar Compressor } J: By. Fass Valve 
d= Main Heat. Exchanger 4s Shack 
C= Combustion Chenber C: Electric Generator 
f= Gas Tarbine m=Adjustablé Mir Fassages 
G: fir. Tarbiog, / as Govertior 
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chamber e and finally is expanded in the main turbine f. The three 
main components are on the same shaft and thus run at the same speed. 


At Part Loads, the speed has to remain the same irrespective of 
the load. The same amount of air, irrespective of load is compressed 
in the first stage compressor and to the same pressure ratio as at full 
load. Now, a part of the air compressed in the first stage compressor 
is led through a throttling arrangement 7 and goes through the same 
sequence of events as before. The remaining part of air compressed 
in compressor a passes through an auxiliary heat exchanger h before 
being expanded back through nearly the same pressure ratio of the 
first stage compressor in an air turbine g mounted on the main shaft 
of the unit and having adjustable inlet passages m. The throttle 7 
and the adjustable inlet passages m are controlled by the governor n 
simultaneously. In this case, the net power developed by the unit 
will be simply. 


Net Power = Power generated by main turbine / 


+ Power generated by air turbine g 


— Power absorbed by the two compressors a and ¢. 


The main features of operation at part load can be summarised 


as follows: 


1. Except for pressure losses, the expansion ratio in the air 
turbine is the same as the compression ratio in the first stage 
compressor. 


2. Since air is considered to behave as a perfect gas, the 
throttling process will take place with the following results (°) : 


(a) Pressure after throttling P, is proportional to the mass flow 


through the throttle, 


(6) The total temperature of air remains the same after as 
before throttling. 
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3. The first stage compressor operates at all loads at exactly the 
game point on its characteristics since the dimensionless parimeters 


N VT, 


VT ha P, and consequently P and n, do not change where 
m = Mass flow 
N —- speed of rotation 
T, = Inlet Temperature 
P| . = Inlet Pressure | 
Ae her Pressure ratio. 
and n —- Insentropic efficiency. 


4, The main turbine f characteristics is expressed by : 


Lee aia : | ] 
fe es Kf 1 
P R 
f 
where m, —= mass flow through turbine. 
T nay == turbine Inlet Temp. — T. 


P, == Turbine Inlet Pressure. 
K -==a constant. 
and R._ = Turbine Pressure ratio. 
In order to maintain as well the same operating point on the 
characteristics of the second stage compressor, P, has to be controlled 


such that the pressure ratio for this compressor is kept the same at 


all loads. ‘Thus its dimensionless parameters N/V; and m V1] Pi 
will also obviously remain the same at all loads where: | 


T, = Inlet temp. to second stage compressor (Temperature 
of air after intercooling). 
P. = Inlet Pressure to second stage compressor (Pressure 


after intercooling). 
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This is achieved by varying T_, the turbine pressure ratio R 


being deduced from the above expression (ellipse law). saa 


controllable through the fuel flow into the combustion chamber. 
5. Preliminary investigations of the new scheme led to the possibility 
of exploiting the heat contained in the exhaust gases leaving the main 
heat exchanger in heating the air expanded in the air turbine g, 
thereby gaining extra useful work. An auxiliary heat exchanger A 
is used for this purpose, the amount of exhaust gases passing through 
it being controllable through a valve 7 coupled together with the 
throttle 7 and the mechanism for the adjustable passages m to the 
governor 7 of the gas-turbine unit. 


Fig 6 shows a T.S. diagram for a gas-turbine unit working in 
accordance with the presented scheme. 
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Tax Arr-TurBiINe 


Air turbines have already been in use for the purpose of output 
-contrel of turbo-compressors in coal-fields, shipyards, mines, etc. (1°) 
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They are then generally referred to as recuperation turbines. The 
recuperation turbine was first introduced by the firm Brown Boveri 
and Co. Ltd. Baden (Switzerland), An exiract from an article'in the 
Firma’s Review Nos. 11/12 Vol. XXX of November/December 1943 
is given hereafter: 


“In 1935, the automatically-operating recuperation turbine as 
incorporated in the latest isotherm-type compressors was introduced. 
This turbine converts the energy in the excess compressed air—which 
with atmospheric discharge control is completely wasted— into useful 
power which it immediately reapplies to the compressor shaft. This 
method of control developed by the Company gives efficient operation 
and immunity from surges for all loads from overload practically 
down to zero capacity”. 


The success of this method led to its introduction by other 
firms for similar purposes ('?). An account of its use in the regulation 
of axial blowers for blast-furnaces and in steel works is given in an 
article in the Sulser Technical Review No. 3 (1955) from which 
certain useful data relating to this type of turbine was borrowed for 
the purpose of carrying out the present investigation. Extracts 
from this article is given hereafter : 


“.,. axial blowers are fiitted for this purpose with a recuperation 
turbine. This system, which may also be adopted for centrifugal 
blowers, cousists in running the blower at maximum delivery at all 
times and expanding any surplus air in a turbine. The turbine 
wheel, which is coupled to the blower thaft thus recovers most of the 
energy used for the compression of the surplus air and thereby 
relieves the driving motor”’, 


“The new recuperation turbine has adjustable guide blades. 
The profiled guide blades form nozzles in which the medium is 
expanded, so that it enters the rotor blades at high velocity. An 
alteration in the pitch of the blades changes the nozzle cross-section 
and with it the air throughput. The result is continuous volume 
regulation without throttling losses, at least down to very nearly 


¥ 


‘ 
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closed blade positions. The rotatable blades also modify the direction 
of flow in accordance with the volume, in this way favourably 
affecting the efficiency at all loads. , Finally, the rotor always operates 
with full admission, so that optimum working conditions, are ensured 
in the diffuser”, 


Figs. (7, 8 and 9) are reproduced from the above article and show 
the features of such a turbine which we believe to be quite suitable 
for incorporation in the proposed scheme presented here for the power 
control of constant-speed gas-turbines. Fig. 10 shows the variation 
of adiabatic efficiency of the air turbine with throughput i.e. the rate 
of mass flow through it. | 


Bsa, 7.—New Sulzer recuperation turbine for regulating the delivery of axia 
blowers running at constant speed 


In the course of carrying out the present investigation, trials 
were made for finding out the best position of the air turbine in the 
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arrangement of components of the gas-turbine unit in so far as it 
gives a high part-load efficiency relative to that at full load. The 
air-turbine was first incorporated in the arrangement so as to follow 
the completion of the compression process and the study was carried 
out for each of the two cases where the compression is done either in 
a single compressor or in two stages with intercooling. In each of 
these two cases the air turbine expansion pressure ratio is nominally 
the same as the overall compression pressure ratio. The second way 
in which the air-turbine was incorporated in the arrangement is where 
it followed the Ist stage compression and before the intercooler in 
a two stage compression arrangement. The latter alternative gave 
the best part load efficiency relative to that at full load. The air- 
turbine expansion pressure ratio in this case is equal to the compression 
pressure ratio of the first stage compressor. 


The optimum pressure ratio for the L.P, compressor in the 
arrangement adopted here at a given part load is that which gives 


tu. 8.—Blading diagram of the Sulzer recuperation turbine with 
adjustable guide blades when the guide blades are fully open (left), 
the nozzle cross-section S' is available for the expansion of the air. 
When the blades are closed (right), the nozzle crose-section is 
reduced to S* and the quantity of air admitted is diminished in 
almost the same proportion without any throttling losses being 
caused. The velocity vector diagrams for the two blade pasitions 
are shown at the bottom. ! 
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& minimum value for the net work done in the compression process. 
The latter is given by 


(work done in L.P. compressor -++ work done in H.P. compressor- 
work done in air turbine). 


Completely open blade position Completely closed blade position 


Fie 9.—Guide-blade wheel of a Sulzer recuperation turbine the blade 
adjusting mechanism is enclosed in an oiltight and dustproof casing and 
connected to the forced Jubrication system of the blower. It thus requires 
no special maintenance and is subject to hardly any mechanical wear. 


In the appendix at the end of this paper, it is shawn how 
a formula was obtained for calculating this optimum pressure ratio. 


Workep Exampue or A Gas-TURBINE UNIT OPERATING 
AccorpDING to THE PROPOSED SCHEME 
In order to explore the possibilities and merits of the proposed 


scheme, a detailed example of a constant-speed gas-turbine unit 
operating in accordance with it is worked here-after. 
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The unit has the following data: 


Pressure 1 atm. abs. 


Temp. 15°C == 288°K 


Ambient conditions 


a eas at full load — 700°C == 973°K. 


The optimum overall pressure ratio of compression for the 
arrangement considered here (Fig. 5) and for the chosen T= 700°C 


(taking into account practical values for the pressure losses, intercooler 
effectiveness etc...) is found to be equal to 6:1 (""). 


_ Preliminary investigations showed that for proper matching of 
components, the maximum temperature z.e. Turbine Inlet temperature 
had to be varied only very slightly with variations in load. With 
this point in mimd and considering that the unit will operate more 
frequently at part loads, the full load pressure ratio was taken 
slightly higher than the above value. It was taken therefore as 
6.5:1. This is to ensure nearly optimum conditions at a convenient 
part load rather than at full load. 


Isentropic Efficiency of compressors ; 88% . 


This is slightly on the higher side than is frequently met with 
in practice(*). However, we consider it to be allowable since one of 
the results of the present investigation (as will be explained later) is 
that producing compressors of as high an efficiency as possible is 
worth all the trouble given to it when such a compressor is intended 
for use in units operating according to the present scheme. 


Isentropic Efficiency of Power Turbine. 83% 
Combustion Chamber Efficiency . ‘ 90 % 


Thermal Ratio (Effectiveness) of main 


and auxiliary heat exchangers . . 80 % 
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Pressure Losses 
Including ducting etc. 


of Local total 


L.P. compressor Intake . 1 ae 
Intercooler . ; j : : ; 4.5% a 
Haat Exchanger (air side) . . 4% is 
Re A (gas side) . : I 5 % te 
Combination Chamber . : ; ; 2 % " 
Auxiliary Heat Exchanger (air side) . 4% . 
a ‘s ty (gasside) . 4 % “3 


Cooling air Bleed: 2% of compressed air, taken from the 
delivery of the H.P. compressor. 


Auxiliary drives and mechanical losses are considered to be 
equal to 3°/) of compressors work. 


The Optimum pressure ratio for the L.P. compressor, as shown 
by the deduced formula in the Appendix depends among other 
factors on the mass flow rate through the throttle. The value of 
this optimum pressure ratio at a part load corresponding to a mass 
flow rate of 90°/, of full load mass flow was calculated and adopted 
as the constant pressure ratio of that compressor at all loads. The 
choice of this condition of operation namely using the optimum ratio 
at 0.9 mass flow rate was based on the fact given in preliminary 
investigation that this particular mass flow gave a relative Power 
output of nearly 759/, of full load. It is considered that this 
relative load would be that at which the unit will run most of the time. 


, As contemplated, the value for the overall compression Pressure 
ratio at 0.9 mass flow rate which was used in the formula given in 
the appeudix was found. to be very nearly.6.0: 1. 


i This is the real optimum value of the overall pressure ratio for 
the arrangement (‘*). 


22 
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The following tables gives the results of calculations for this 
example: 


TapuLatep Resutts or A WorKED ExAmpPLe oF A GAS-TURBINE 
Untr WorkinG oN THE ProroseD SCHEME 


Mass Flow in Power Turbine Percentage 


of Full load flow. Mp - - «+ ~ + 70 75 80 85 90 95 100. 
Mass Flow in Air Turbine Percentage of 

Full load Flow 100-Mp. «.- + =| 30 52 20 20 10 5 0 
Adiobatic Ffficiency of Air Turbine (from 

curve) % Fig10.. .  . 5s + 83 85 81 73 65 50 ~ 
Rower turbine Entry Prossure P, atm. | 

abs . « + e + eee sw | 4.24) 4.54) 4084) 5.05) 0 See ee 
Power Turbine Pressure RatioR. . .| 4.02| 4.32) 4.60] 4.88] 5.17] 5.46) 5.75 


Power Turbine Entrytemp. T, °K. . 940.5 1949.8 1955.9 !960.6 |966.0 |970.0 |973.0 


H.P. Compressor Devliery Pressure 
atm. abs. 6 » « « « 6 «6 «| 4.50)).4583) 5,04] 507) 90 Tepes oe 


Intercooler Entry Pressure Pt atm. abs. | 1.83) 1.96) 2.09) 2.22) 2.35 2.48; 2.61 


H.P. Compresser Entry Press. atm. abs. | 1.74) 1.87) 1.99} 2.12) 2.25 2.37; 2,49 


H.P. Compressor Press Ratio . « «| €=—=|——— 2.58 ——_— |—> 


416.5 


H.P. Compressor Delivery temp °K . | <—|——— 


H.P. Compressor Work C.H.U./Ib. of 
air compressed . . « «© «© «© «| 18.31! 19.61) 20.92} 22.23) 23.54 24.84) 26.15 


Total work of Compressors C.H.U., |b. 
of air compressed . . © «© » « | 44.85} 46.20] 47.40) 48.80) 50.20 51.55} 52.75 


Powcr turbine work C.H.U./ lb. of air 
compressed . . - +» «© + © © | 46.15) 51.80 57.65| 64.00} 70.10} 76.30} 82.10 


Power Turbine Exhaust temp °K... (699.0 |696.8 |691.9 [685.1 |681.0 |676.5 (672.0 


Combustion Chamber Entry temp °K. [642.5 1640.7 1636.8 1631.4 |628.1 |624.5 |620.9 
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TABULATED Bssutts or A WorKkED EXAMPLE oF A GAS-TURBINE 
Unir WorKING ON THE Proposkp SCHEME (Con. ) 


ame ee 
——————————SSS——S—SS=S———=—=S==3 


Heat Exchanger outlet temp °K. . . [484.5 |483.8 |482.9 |480.8 |480.5 [478.8 |477.5 


Air turbine entry temp °K . . . . [465.9 |465.3 [464.6 |462.9 |462.7 |461.3 [460.3 


Air Turbine Work C.H.U./ lb. of air 
SOMUERBACL IE Tae aces Of 7.60| 6.45] 4.92! 3.32) 1.97) 0.76) — 


Net work C.H.U./\b. ef air compressed. 8.9 | 12.05] 15.17) 18+52| 21.87) 25.51) 29.35 


Net work percentage of fullload. . . | 30.45; 41-20) 51.80} 63.30) 74.90) 87.20) 100 
Heat Added G.H.U./lb. of . air | 
compressed . . . . . . , . | 56,80} 62.90} 69.25) 76.20) 82.50) 89.50} 96.31 
Thermal Efficincy% . . . . . . | 15.65) 19.18) 21.90) 24.30) 26.50) 28.50) 30.35 
Thermsl Efficiency Percent of Full load 
thermal eff% . . ... . . «| 61.75] 63.40] 72.50} 80.30} 87.65) 94.20! 100 
Y% 


Adiobalic Ef fciency of on Mit. Tarbine with Adjustable Guide Blades 


Adobahe Efficiency 
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The curves in Fig. 11 show the variation with respect to load of : 
both the thermal efficiency and the efficiency relative to that at full 
load for the unit of the worked example. 


Conclusion 


In the light of results obtained for the worked example, general 
conclusions can be obtained regarding the working limits, possibilities 
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and advantages of the proposed scheme presented in this paper. 
These conclusions can be listed as follows : 


1. The new method proposed here for the power control of 
gas-turbine units results in part load efficiencies which lie between 
those given by the conventional methods of power control discussed 
before. This is made clear by the comparison between the efficiency 
curve for the new scheme and those for the other two schemes Fig. 1. 


2. An obvious advantage of the new scheme is the compactness 
of the unit working in accordance with it. It would be a single shaft 
unit requiring the minimum of space, maintainance etc. Moreover, it 
would be of a higher efficiency at part loads than a unit of ccnstant 
speed compressor of the conventional type even though the latter 
may be comparable with it in compactness, space requirements, 
maintainance, etc. 


3. In comparison with a unit with variable speed compressor, the 
proposed unit may give a lower part load efficiency. However, 
efficiency is only one of the factors to be considered. From the point 
of view of reliability, long life, expediency of using a compressor 
of maximum possible Isentropic efficiency, the new unit has all these 
factors in its favour. 


(a) The compressors of the unit with the new scheme operate at 
constant speed and flow parameters as well as efficiency at all loads 
1.e. they operate with a single point characteristics. Designing such 
a compressor with the maximum Isentropic efficiency would therefore 
be a worthwhile aim to achieve. The designer would use all the 
available technique both aerodynamically aud mechanically in obtaining 
this result. No compromise nor sacrifice of one consideration for the 
sake of another is necessary since there is no variation in running 
conditions in this case. 


(6) In the case of variable speed compressor, stage-matching 
occurs only at the design point while stage mismatching is bound to 
occur at other points in the operating range. The compressor of the 
unit with the new scheme would not at any time suffer from this 
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stage-mismatching. It would therefore be expected to have'a much 
longer life and be more reliable. ) | 


(c) With the present scheme, the compressors although mounted 
on the same shaft would not suffer from component-mismatching 1.e. 
tendency of one to surge while the other to choke, since they run at 
constant speed at all loads. | 


4. It is well known that the layout of the system of a gas-turbine 
plant can have a very important effect on the plant's overall 
performance. In particular, ducting when excessive as is sometimes 
necessary with extended layout causes a loss in the developed power 
of as much as 20%. 


In the present scheme, the minimum of ducting is necessary 
since the layout is obviously simple. 


5. The main components of a gas-turbine unit form a pneumatic 
system dealing with a single fluid. It is therefore a quite suitable 
machine for applying standardisation of components. This is 
particularly so in the case of the compressors of the present scheme, 
since they operate on a one point characteristics while the range of 
actual flow could be varied widely. A compressor of a particular 
size and specifications would thus be suitable in a wider range and 
variety of gas turbine applications. Moreover, the incorporation of 
an air turbine in the unit in the way proposed here would ensure 
a greater flexibility in choosing a standard compressor. 


— Quoting Hayne Constant ("*), “If such a process of standardis- 
ation proves to be practicable, we may see a situation develop in 
which specialist firms concentrate on the production of a limited range 
of components while assembly firms assemble them into complete gas- 
turbine systems. The virtual disappearance of the made-to-measure 
gas-turbine would certainly result in a considerable decrease in costs”. 


6. It is seen from the curve Fig. 10 of adiabatic efficiency against 
throughput for the air turbine that the adiabatic efficiency is reasonably 
high ‘at high throughputs and low at low throughputs. This is 
a result of the method of varying the throughput. This method 
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consists of rotating the guide blades (which act as admission nozzles), 
Figs. (7, 8 and 9) such that the actual passages vary in width while 
the inlet angles as well, change. 


At very smal] throughputs, narrow passages result in high losses 
and hence the steep drop in the air-turbine efficiency. 


However, it is to be noted that the low adiabatic efficiency of an 
air turbine incorporated in a gas-turbine unit as proposed in the 
present scheme, will have little effect on the overall thermal efficiency 
of the unit: at small part loads the mass flow in the air-iurbine is 
relatively a small part of the total flow. Hence, the air-turbine power 
at that low adiabatic efficiency would be too small to have any 
appreciable effect on the power developed by the unit. 


The new application of the air-turbine suggested here should 
draw the attention of designers to applying the most useful technique 
for producing a suitable machine having as flat an adiabatic efficiency 
curve as possible. 


APPENDIX 


To find the Optimum Pressure Ratio for the L. P. Compressar 
in the proposed Scheme presented here for the power control of 
constant speed Gas-Turbines. 

Let R = Overall Pressure Ratio of Compression 

R, = Pressure, Ratio of L. P. Compressor 
R, = Pressure Ratio of H. P. Compressor | 
x = Air flow in H.P. compressar as a fraction of 
Air flow in L. P. Compressor 
(1 —x) = Air flow in Air-Turbine as a fraction of Air 
flow in L. P. Compressor 
y — Ratio of pressure at outlet to pressure at inlet 
of Intercooler 
(1—y) = Pressure loss in Intercoolar as a fraction of 
Pressure at inlet to intercooler 
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Pressure after throttling — Pressure at inlet to Intercooler 
— x X Pressure at outlet of L.P. 
Compressor 
Pressure at ontlet of Intercooler = x X y X Pressure at. 


outlet of L. P. Compressor 


eilypitias' 
2 xy k, 
T, +t = Temp. at inlet to L. P. compressor 
T, — Temp. at inlet to L. P. compressor 
n_ — Isentropic Efficiency of L.P andH.P. compressors. 
— Istentropic Efficiency of Air-Turbine 


Z — Rise in Air Temperature in the Auxiliary Heat 
Exchanger. 


Net Compression work per lb. of Air flow in L. P. compressor 
ya 
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‘“¢ FORCE-EXTENSION CHARACTERISTIC OF AN 
ELASTIC SYSTEM DYNAMICALLY LOADED BY 
AN IMPULSE.” 


BY 


Prof. Dr. AHMED EZZAT Ph.D, M.Sc., A.M.I. Mech. E. 
Professsor Mech. Dept. 


INTRODUCTION 


In dealing with the analysis of the effect of impulsive forces in 
machine design, different assumptions are often made to simplify the 
problem. The formulae obtained are usually tailored to fit certain 
dynamic conditions. 


[n this work, the fundamental approach to the problem will be 
followed and verified with tests. This approach should furnish 
a general and satisfactory solution to the problem of mechanical 
systems under impulse. 


A single degree of freedom system will be considered in this work, 


Tar EXPERIMENTAL EQUIPMENT 


The elastic system used in this work comprises a rectangular 
table 24” X 12” X 3/4" supported by four leaf springs fixed to the 
floor. The weight of the table, added to it one third of that of the 
four springs, is 76 pounds. A metallic hammer suspended from the 
ceiling by four wires in a pendulum fashion of 138.8" radius, was used 
to strike the elastic table. Since the radius of the pendulum was large 
and its angular displacement was small, the hammer could be assumed 
as hitting the table horizontally in a straight line path. 
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Two hammers of different weights were used, namely, 2.6 lb. 
and 5.2 lb. The hammers are made of aluminium alloy clyinders, 
91’ diameter, fitted with a spherical bronze cap, 23” radius. 


A potentiometer type pick-up unit was used to record the 
displacement-time curves for the table, when struck by the hammer, 
on a brush recorder. This recorder was first calibrated by displacing 
the table one half inch either way from the equilibrium position and 
recording this one inch amplitude on the recorder. The speed of the 
recording paper was 124 mm/sec. 


An are, graduated into angular degrees and carried by a stand, 
was placed close to the swinging hammer to measure its angle of 
release and its angular rebound. The arrangement is shown in 
Figure 1. 


The velocities of the hammer immediately before and after impact. 
were determined from the potential energies in the initial and the 
rebound positions. 


vie V2 eh= V2 gl(1—cop 6) 2 oe wT (1) 
where v = velocity of impact or rebound of hammer. 
] — length of radius of pendulum. 


@ — angle of release or rebound with the vertical. 


The velocity imparted to the table is calculated from the tangent 
to the displacement-time relationship recorded on the recorder by the 
potentiometer pick-up. 


The duration of contact of the two colliding bodies, namely, the 
hammer and the table, was estimated from a formula suggested by 
Professor W.T. Thomson, and which was confirmed by unpublished 
tests carried out by recording the continuity of an electric circuit 
when a swinging ball hit a vertical plate. 


tae 860 XK b0n BWR A chen ae 
where t —= time of contact in seconds. 
R — radius of striking sphere in inches. 


and v = velocity of impact in inches/sec. 
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POTENTIOMETER PICK-UP 
HAMMER 


TABLE 


GRADUATED ARC 


LEAF SPRING 


Fic. 1.—Experimental Equipment 


THEORETICAL BackGRouND 


In impact, characterized by the collision of two bodies, usually 

the duration of contact is short and high transient stresses are locally 

, introduced. The analysis of the impact involves certain fundamental 
concepts of mechanics, namely: ~ 


1. Conservation of mass. eth 
2. Conservation of momentum. : 


3. Conservation of energy. 
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For the two body system, the satisfaction of the first of these is 
obvious which leaves the proper application of the last two concepts 
to be fulfilled. 


The conservation of momentum during impact follows from the 
fact that, by virtue of Newton’s third law, the impulse for the two 
body system is zero. The momentum relationship can be expressed 
by the equation. 


mv +MV—=mv4MV. 


where _v,_v’ = velocity of hammer mass “m” immediately before 
and after impact. 


V,V’ — velocity of table mass “M”, immediately before and 
after impact. 


In the present work V == 0 and hence. 
mv =-mv+MV’ ; : : : (3) 


In applying the concept of conservation of energy, it is noted 
that the initial kinetic energy of the hammer is transformed into :- 


1. The kinetic energy of the hammer and the table after impact, 
2. The work of plastic deformation of the bodies, and 
3. The vibration energy of colliding bodies. 


The last tow forms of energy are eventually dissipated and can 
be classified under loss of energy. Thus the energy balance can be 
expressed by the equation. 


Loss of energy = mv? —(gmv?7+ +MV?) é (4) 
On the other hand, the coefficient of restitution is given by 


V' ay ade y' 
3 SS iegnae e ® « . . ‘ (5) 


and by the substitution of Eqs. (3) and (5) in Kq. (4) we get 


Loss of energy = + (} 87) nara yey Be ; 4 (6) 
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The motion of the table can be determined by considering the free 
vibration of M with the initial conditions, at t—0,x = Oand x — V’. 


Starting with the general solution, 


me te FUN cen VT SLE? fed! tg)! NIC) 
where © = 7 == natursl frequency rad/sec. 
c I x, 
C= ear g ay 1 Oy eas = damping factor, 
cr n+1 


the substitution of the boundary conditions, mentioned before, results 
in the solution 


y' 


ee 
o V1—o? 


Pages), ain 1g ah ot . (8) 


If we consider the table M by itself, the impulse I imparted to 
it by the hammer is equal to the change in its momentum MV’. 
Thus the equation (8) can alternately be written as: 


I 
we on eae ee. 
M wv 1—@ . 


— Co,t 


. 810 Vries a 


where l=f F dr = MV 


At ot=g=z,8nVlI—@ot o1 
and we get 
helt inp es ae 
MOM eostaeV Mi Kil ig? ax ibieur ove tan’ (9) 


and similarly 
I = x 
F => =e? VM Ka—¢). wean 
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where F. is the average impulsive force in 1b. and t is the time of 
force application in seconds. | | 


Equations (9) and (10) give the relationships correlating the dis- 
placement x,,4 to the impulse I imparted to the system and to the 
impulsive force F, respectively. 


Fie. 


EXPERIMENTAL RNSULTS 


Tests were carried out using two hammers of different weights, 
namely, 2.6 and 5.2 pounds, The displacement-time curves were 
obtained in each case for various release angles. Curves aandc given 
in figure 2 show examples for testing with 2.6 and 5.2 1b, respectively 
while the curve in b givés a sample of a complete curve recorded at 
a slower speed. The computed data is tabulated in Table I. 
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TABLE I 
Ww 6 6’ Vv v’ Vv v' 
Weight | Belease |Rebonnd|Hammer | Kammer lTable vel. 
No o dente’, ancle ©’ vel. before| vel. after [before im-jvel. after 
*|Hammer| °"8 8 Impact impact pact. | impact 
lb degrees | degrees| in/sec in /sec in/sec 
1 5.2 5 3 20.2 —12.2 0 2 oon) Ol 
7 S.2 7 4:2) 142613. 17.6 0 3.30 | 0. 
3 6.2 9 5.8 3624 —23.4 0 3.73 0. 
4 5.2 10 6.9 40.4 —26.2 0 4.45 0. 
5 5.2 11 ye 44.3 —29.0 0 5.05 0: 
6 2.6 14 8.3 56.5 —33.5 0 3.02 0 
7 2.6 16 9.8 64.2 —39.5 0 3.54 | 0 
8 rate 18 10.8 72.6 —43.5 0 3.94 | 0. 
9 2.6 20 11.9 80.2 —48.0 0 4.35 0 
TABLE I (Continued) 
vt I w x v t, F 
Damping] Impulse | : é 
No. factor || Ibyles. lb in |in/sec.|U sec.| Ib. 
1 0.029 | 0.5 Suid Lo329 20.2 | 443.8} 1130 
2 0.029 | 0.649 | 5.2 |0.426} 28.3 | 415.1; 1560 
3 0.029 | 0.732 | 5.2 |0.482! 36.4 | 394.8) 1860 
4 0.029 | 0.871 | 5.2 |0.575)| 40.4 | 386.6) 2260 
5 0.029 | 0.99 5.2 |0.650| 44.3 9.3 2600 
6 0.027 | 0.595 | 2.6 .3890| 56.5 | 361.5) 1650 
7 0.026 | 0.696 | 2.6 0.457| 64.2 ren 1970 
8 0.026 | 0.776 | 2.6 |0.510| 72.6 | 343.8) 2250 
9 0.025 | 0.861 | 2.6 |0.565}| 80.2 | 337.0) 25590 


e L 


Table | Coeff't | Energy 


of res- loss 


in/sec | titution | 1b. in. 


732 | 1.185 
739 | 2.28 
746 | 3.53 
758 | 4.37 
77 9.01 
-646 | 6.07 
669 | 7.5 
656 | 9.78 
-651 | 12.15 


23 
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The stiffness K, of the system was calibrated by statically loading 
the table horizontally and measuring the corresponding extension. 
The results are shown in Figure 3 which gave K, = 11.4 Ib/in. In 
the meantime when K, was computed from the displacement-time 
curves, it was found to be 10.8 lb/in. and this discrepancy in its 
value is attributed mainly to damping effect. 


Kg it. LBS /IN 


F,- STATIC LOAD (L6) 


0 0.2 0.4 0.6 0.8 1.0 1.2 
EXTENSION (IN) 


Fia. 3,— Calibration of K, the Static Spring Constant of the System 
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The experimental and theoretical results, establishing a straight 
line relationship between the impulse and the displacement of table at 
quarter the pariod of vibration, both agreed very closely as shown in 
Figure 4, 
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Fie. 4.—Relation between Impulse and Extension 


ae SEE es 


The times of contact were calculated using equation (2) and the 
average values of the impulsive force were obtained by dividing the 
impulse I by the time of contact t,. 


When the impulsive force F, was poltted against the displacement 


X,,, two curves were obtained, one for each hammer weight, Figure 5. 


Although the relationship seems to be almost a straight line one at 
very high values of F., yet at lower values this is not true since the graph 
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Fie. 5.—Change of Maximum Displacement X , with Impulsive Force 
% 


— 357 — 


should pass by the origin. However, it was difficult to obtain readings 
in the lower range of the impulse force with the present equipment 
due to the lack of experimental accuracy in this range of small angles 
of release and rebound. 


It is evident from Figure 5, that for the same extension a bigger 
impulsive force was needed when a hammer of lighter weight was used, 
This is justified by the fact that with the lighter weight hammer, the 
time of contact was less. This is again clear from equation (10) 
which gives, for the same value of extension, an impulsive force 
inversely proportional to the time of its application. 


For the same values of extension, the corresponding values of 
F. and I were taken from figures 5 and 4 respectively and consequently 
the times of impulse were computed and tabulated in Table IT. 
Applying a term K, for impulsive loading, similar to K, the static 
stiffness of the elastic system, a curve is shown in figure 6 correlating 


F, 

K, with the dimensionless value t,/t where K, = — , t, is the time of 
r/4 

impulse and + is the period of free vibration. 


It is evident that the system has not one single value of the 
impulsive stiffness K, as is the case with static loading, but the value 
of K, depends mainly upon the ratio t,/t and it increases with a 
decrease in the later. This is illustrated by the equation (10) butin 
the form. 


F. SE pe 1 
ee eee FAV Ke a). 
Xo4 1 mt zr) t, 
K, M 
Putting o = 4: and t = 2t Gs 
ee Oe RC ey are ome U1 
ererore Ser, PAT Wake —C ¢ enc : ‘ ( ) 


From this equation, it is obvious that as t,, > 0, K, > co and 
conversely as t,/t —» co, K, > 0. 


— 358 — 


o 


SS oO On Ope =O On ee ee Se Ee eo 


15 510 
20 590 
20 720 
25 780 
25 | 940 
30 1000 
30 1180 
35 1215 
35 1440 
40 1440 
40 1700 
45 1665 
45 1960 
50 1900 
50 2200 
55 2120 
55 2460 
60 2360 
60 2720 


TABLE II 

. : ™: F, t, K, 

Ib. sec u A ; 3 6 K, 
lb/in. | x 10 

0.075 681 2200 800 196.5 
0.075 500 3000 589 268 
0.150 600 2500 705 223 
0.150 468 3200 550 286 
0.228 550 2760 648 247 
0.223 447 3400 525 304 
0.304 514 2950 604 264 
0.304 422 3600 495 321 
0.380 486 3120 572 279 
0.380 404 3760 476 336 
0.459 456 3333 537 297 
0.459 386 3933 454 351 
0.532 433 3470 510 311 
0.532 370 4110 435 367 
0.610 423 3600 497 321 
0.610 358 4250 421 380 
0.685 411 3700 484 330 
0 685 349 4350 410 388 
0.760 400 3800 471 339 
0.760 345 4400 406 392 
0.837 394 3860 463 344 
0.837 340 4470 400 400 
0.912 386 3920 453 350 
0.912 335 4530 394 404 
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In the meantime when the time of impact t, is equal to the period 
of free vibration of the system, 


T wT 
Vat eee hee eos bt arm 


In a similar way it can be shown that the impulsive stiffness of 
an elastic system will be equal to its static stiffness K, when 
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However, in order to be able to give a full picture of the behavior 
of K, relative to changes in t,/t, though limited to the present value 
of damping factor ¢ and from a theoretical point of view, the values 
of K, and t,/t were calculated and poltted on a semi-logarithmic basis 


in Figure 7, passing by the extreme points of t,/t — 1 and K, — K,. 


In order to find out if the damping factor ¢ was affected by the 
time of impulse or not, the same curve in Figure 7 was drawn on 
a full logarithmic basis and the result was a straight line which 
proved that the value of ¢ was not affected by the time of impulse, 
since the relation between K, and t,/t is hyperbolic. 
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which implies that a more generalized family of curves can be drawn 
correlating two dimensionless values, namely, K/K, and t/t for 
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various values of ©. One curve of this family is shown in Figure 8 
which is obtained in the present work for an elastic system having 
a damping factor equal to about 0.027. The position of the curves, 
corresponding to other values of ¢, relative to the curve, shown in 
Figure 8, will mainly depend upon the value of 


1 
Sagw.e «Vie, 
which in turn depends upon the damping factor C. 


$00 


300 


10 400600 1p00 2,000 dPina 10,060 seo aay 40000 100,000 Wee S|: 
19/4 X10" 6 


200 


100 


Fig. 8 


ConcLUSIONS 


1: The dynamic extension resulting on the spring for a certain 
elastic system is a function of impulse only, namely, it is not affected 
by the change in the magnitude of the impulsive force or its durstion 
as long as their product stays constant. 


2. The extension obtained due to the application of an impulsive 
force to an elastic system does not bear 2 constant proportionality to 
the applied force. 
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3. The impulsive force per unit extension, namely, the impulsive 
stiffness K, depends upon the time of application of this force, the 
damping factor and the static stiffness K_ of the elastic system. 


4, The relation between the two dimensionless factors K,/K, is a 
hyperbolic one which is defined mainly by the damping factor of the 
system, This relationship can be represented by a family of hyperbolas 
each corresponding to a certain damping factor 6. 


AERO. ENGINEERING 


DESIGN OF BLADE CASCADES WITH MINIMUM 


MAXIMUM VELOCITY 
BY 
M. I. I. RASHED., Dr. Sc. tech. 


INTRODUCTION 


The trial to solve the problem of cascade design, using the methods 
of Hydrodynamics goes back to a long time ago when the engineers 
were faced with the construction of special rotary machines('). The 
unreliability of the triangles of velocities to fix the inlet and outlet 
directions of the blades is well known(?). It had been a current 
practice (*) to have the angles taken from the triangle of velocity 
corrected in an impirical manner to get the blade angles. 


The use of the lift and drag charactcristics of the blade cascades 
to the design of axial turbomachines was discussed by Ed. Amstutz (‘). 
The application of the results obtained from plane cascade testing is 
based on the assumption that the flow in an axial turbomachine takes 
place on co-axial cylinderical surfaces. The development of these 
surfaces produces the flow pattern through a plane cascade. 

The action of a plane cascade is to deflect the flow and this is 
achieved by loading the blades of the cascade in a certain manner 
which is specified by the method or the theory applied to design the 
cascade. The theories are classified as follows : 

1. Theories which give the charactcristics of a pre-designed 
cascade arrangemant. 


2. Theories which give the design of the cascade characterised 
by certain pre-specified requirments. 


The same theories investigating cascades can be differently 
classified : 


1. Theories deqending on the méthod of conformal represe- 
ntation(*—*), 
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2. Theories in which the whole or parts of the blades are replaced 
by either point or continously distributed hydrodynamical singu- 
larit (#!°).. Belonging to this category is the Ackeret cascade theory ("°). 


Tre ACKERET CASCADE THEORY 


Before presenting the theory itself, the following priniple is to be 
stated : 


‘The flow round any body and hence round any airfoil section 
or round a system of bodies can be obtained by replacing the bodies 
by hydrodynamical singularities, i-e. sources, sinks and vorticies (""*) ”. 


Hydrodynamical singularities give rise to mathematical difficulties. 
To get rid of these difficulties, Prof. Ackeret suggested (') the 
distribution of these singularities all over the area so that, the source, 
the sink or the vorticity per unit area at any point would be finite. 
This distribution of singularities permits a quicker computation of the 
resutant velocity field. 


Distribution of singulaities : 


Consider the elementary strip A B in the cascade plane as shown 
in figuee la.Along the strip AB the distribution of the singularities 
is as shown in figure lb. The effect of the singularities in this strip 
on the flow pattern can be studied by analysing the singularity distrib- 
tion in a Fourier series. The total effect is the sum of effects of the 
mean value and the harmonics. 


The circulation arroud one blade determines the vorticity in the 
area between the center lines of two adjacent blades, i.e. in the shaded 
area shown in figure la. The sources or sinks in the cascade plane 
are such thatif the sources or sinks in the shaded part of the elementary 
strip A B in Figure la are concentrated on the elemantary length ab 
of the center line of the corresponding blade, then the effect of the 
source and sink distribution thus achieved gives rise to the blade section. 
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Fig./. Distribution of singularities 
cascade plane 


Distribution curve: 


The distribution of the sources, sinks or vortices 1s to be as follows. 


a 5 Oe 
Ty) We ile Se SNE Ameer AOE) 
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a/o =e 
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where o and y denote the source (or sink) and the circulation at the 
blade center line. 


6, = x/t 


x == the distance from the point at which the source strength 
or the circulation strength is considered to the nearest center line as 
shown in Figure la. 


This distribution was adopted by W.T. Sawyer ("‘) in his thesis. 
y and o can be analysed to mean values y, and 9, and to harmonics 
in the following manner. 


A(2y 
-¢y 


yor, + 2275-6 .cos(2mn€&). ; (2a) 


o=o0,+2209,.e .cos(2mn&). ; (25) 


Effect of the mean values and the harmonics. on the velocity field : 


Consider the strip AB of width 8 y shown in Figure la, the 
effect of the singularities in this strip is as follows: 


Effect of menan values: 


cok Parasiens bitin, Poa eas ‘ : ; : (3a) 


Su = Q;,, 5x =o .5V ° ° . « (36) 


Effect of harmonies: 
At a point (x, y) lying in the upper side, with 
= x/, and n, = 9/, 


nn “2 


weget Suy =y,. e . cos (2 mn &) P ee DNt (6 yee) 


Oo 


oe MD ewe 


m\2 
ry 
8 vy: =y,-e . sin (2mn&). e 7*8% 6 y (46) 
Lay &.A*. 
5) 
By, = 5,.e » cos (2 mn€) .e 7 *B .& y (4c) 
ey ERY: 
5 
Su, =5 .e .sin(2mn&).e 7™"" 6 y (4d) 


For a point in the lower side (y = negative) and with 


‘= x/t and n =—ylit 

waa an). 

Buy =—y,.e : .cos(2nn&).e 79% 5 (5a) 
(29 

Sy, mommy .e ‘ sin (2an&).e 727 PM 6 (55) 
u(y 

8 Vg. = 5.8 7 ,cos(2ung).e7 79% 8, (5) 
a), 

Su, = 6 .e : .sin(2mnt).e 7" ™% 8 (5d) 


Comparing equations 4 and 5 it can be esily proved that 


= ass rs ie a 
y. dy o dy 
ee pc Yes ef UP. 
Y dy a dy 


Adding all the harmonics to get the values for 


1 day 1 dviu 


Yo dy He onde Oy 


(64) 


(66) 
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The values of which are drawn‘for positive values of €, and n, in 
plates landIl: © : ‘ 


Velocity at any point: 


If we know the center lines of the blades, the circulation 
distribution as well as the source and sink distribution, then with the 
aid of the plates I and II and using graphical integration one can get 
the effects : ; 

— Effect of the mean value of the circulation. 

— Effect of the mean value of the source and sink, 

— Effect of the harmonics of the circulation, sources and sinks. 
Adding all these effects the velocity at any point can be found, 


Figure 2. 


If it happens that the point considered lies on the blade, a case 
of special importance, then consider the element of length 6s about 
the station point P, Figure 3. The velocity calculated at the station 
point P on the blade center line is given by C.,. Let the velocity at 


the upper end at the lower sides of the blade to be given by Cos and 
C, ty such that 


ve ee C,, + AC, 


AC, is to be calculated from the consideration of the circulation 


arouud the element about the station point P. This is given by 
2 AC,. s and is equal to y .t. 6s. sin @ Hence 


2 AC, Ss=y.t. Ss sin 0 


1.6. AC, ole ia ee Me GN a ee eee (7) 


The hodograph representing the velocity at the blade surface 
is shown in Figure 4. Note that near the stagnation point the 
Ackeret cascade theory is not valid. 


If the effect of the harmonics can be neglected, then the 
hodograph will take the shape shown in Figure 5, 
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: | Figure 4 


The source and sink distribution derived from the thickness 
distribution : 


It can be easily shown that, in an approximate way, the mean 
value of the source distribution (and the sink distribution) can be 
represented by 


1 oe : 
tot te oe Ay Cent «tine - 8) i 5 i (8) 


Generally the blades have rounded noses and hence 9, will attend 
infinite value at the nose. . To eleminate the difficulties in compution, 
we adopt another approximation as shown in Figure 6. 
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== Velocity at balde center line 
cent. line 


6 = Thiekness of the blade. 


Figure F 


Lae Equation (8) 


RAdopled 


curve 


Figure 6. 


— 374 — 


Design PROCEDURE 
The following steps can be followed : 


1. Begin by neglecting completely the effect of the harmonics 
as well as the eflect of the thickness distribution. This gives rise to the 
one dimensional Euler theory. With the aid of the circulation dis- 
tribution (assumed) the velocity at any station can be compnted. Take 
two stream lines at a distance “t” apart to represent the first 
approximation of the center lines. 


2. Taking the approximate center lines found from (1) one can 
find the scurce and sink distribution making use of the approxiamte 


velocities found also in (1). 


3. The effect of the harmonics as well as the effect of the source 
distribution can be computed using the graphical integration with the 
aid of the curves shown in tables I and II. Hence we get the velocity 
distribution on the center line found before in (1). This velocity 
distribution will give rise to a better approximation of the center line. 


4. Repeat paocedure (3) with the new center line. Genrally 
the new center line thus found needs no further corrections. 


Cascape Desian ror MINIMUM Maximum VELOCITY 


To design a cascade for a certain output, the velocity distribution 
must be carefully selected to avoid local high velocities. 


Flow separation is liable to take place when the pressure at the 
surface increases in the flow direction, t.c. when a positive pressure 
gradient takes place. A steeper pressure gradient is more likely to 
take place when local high velocities exist. 


With compressible flow high local velocities are responsible for 
low critical Mach numbers. 


For water flow local high velocities may cause cavitation as high 
velocity regions are generally low pressure regions. 
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From the above it is quite clear that the problem of minimising 
the maximum volocities is of vital importance. For potential flow 
the maximum velocity takes place at a point on the boundary. With 
the existance of the boundary layer the location of the maximum 
velocity is at a point just outside the boundary layer. 


In the following a trial is presented to find approximately the 
best distribution of circulation or of the bounded vortices. By the 
best circulation distribution it is meant that distribution which gives 
rise to a minimum maximum velocity. The maximum velocity takes 
place at a point on the suction side. To have this maximum velocity 
a minimum means that the velocity all over the suction side is 
a constant. ‘This latter statement is the basis of the following method. 


The following restrictions, assumptions and simplificatious are 
however made to solve the problem mathematically. 

1. The discussion is restricted to lightly loaded cascades. This 
restriction limits the use of the results obtained. It is not however 
serious since lightly loaded cascades represent the conditions of many 
axial flow machines. 

2. Asa result of the above restriction the blades of the cascade 
are characterised by the slightly curved chamber line. We shall assume 
this chamber line to be a straight line parallel to the vector 

> - 
CG ‘ia CEC: 
by 2 


3. The angle between any velocity in the cascade plane and the 
cascade direction will ba approximated to Pt which is equal to the 


a 
angle between C and the cascade direction. 
i=) 


4, The effect of all the harmonics is neglected, 


Casz I.— Very THIN BLADES 
With reference to figure 7 we have: 


ae. 
C, = oa = the mean velocity at inlet, 
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C = oa = the mean velocity at outlet, 


t = the blade spacing, the unit length being the blade 
chord, 


op == the mean velocity at point “P” 
2 Ru ata. toe 
== 7 (op, + OP,) 


op, = The velocity at the point “P” and at the suction 
side of the blade. 3 


—> 
© p, = the velocity at the point “P” and at the pressure 


side of the blade. 
On the same Figure 7 is shown the circulation distribution 
represented by its mean value y,. 


ani GF vst 
For the velocity vectors at P we have 


AC, = vl y,- sin B . dx 


2 


t.y .sin B 


The absolute value of the velocity vector op, is given by ; 


> 3 > “> 
lop, |=16,] + Lap | cos B_ + | pp, | 


fo sinp | 


x t.y 
==) O, +} cos B.: y f- Y,.8in B wok + ; 
=~ /2 


(Refer to the approximation mentioned on page 372). 


> 
To have the absolute value | op,|a minimum the value of 


—> 


op, =(Q. 


is ; qa 
must vanish, or qx | Ps 


a 
dx 


t. sin B 


d : 
or eA c++ sin. cos B ah Y,.dx whe ap) == ("9 


It is known that 
Mf da), to2Le 
iz f a =t@) 


Hence in our case 


d x 
el Yo7ox ay 


Introduce this relation in equation 24 to get 


t. sin B d (y,x) 
Biup) .COk PVs ye a — 
se a 2 dx 


2 cosB oval Px shay nok ata 
Pasig bie per © ac : : : ; (10) 


or 


The solution of this differential equation is given by 
2 cos B 
ye ea eet Tp : 
Vo ee A.e ; ie ‘ ; eke (11) 


The integration constant A is calculated from the “bonndary’”’ 
conditions and namely 


| 
AU [7 yep 8i08 ax 
Ys sad 


Introducing the value of y,. we get 


| 2 608 Poo 
4C = sin B ye * Ave toe ae 
: bp h2 


Hl 


: t 
— A sin Bo: rar [ 


ql 


. t _ cos By cos B,, 
—AtanB_. ¢(c ait ei. 


ll 


cos B 
A.t. tan B_: sinh ( “=| 


tp AC cot B 
ence AS 2 ae lla 
t sinh (sr Pe ) ai 
For the evaluation of y,_ the graphs in figures 8 and 9 are plotted ; 


2G WE ) 
Figure 8: A (—= ) is plotted against B_ with cos B_ /t as 


parameter, 
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2 cos B., 


Figure 9: y /A or et ° is plotted against x with 


(cos B_/t) as parameter. 


The parameter used in the above plotting shall be called the 
covering ratio as it is equal to the ratio of the blade projection to the 
spacing of the blades. 


Case [[.—ErFrecr OF THE BLADE THICKNESS 


With reference to Figure 10 the effect of the blade thickness is 
introduced by adding to the mean velocity at the point P the vector 


P’P which is equal to 


Figure 10. 
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where 6 denotes the blade thickness at the ‘point considred, 8 can be 
generally expressed as a function of x. 


The absolute value of the velocity at the suction side at cont 
P is equal to 


~ ~ a 
bop, | = 10,1 + lap |.cosB_ +] ppl sinB + { pp, | 


x 5 
== O, + cos Bo Of: yo lB ex 
erat 


—> 
To have | op, | a constant, its derivative with respect to x must 
vanish, or 


—+> 
d | op. | d x 
aoe = g1n-B «CORB Ps. ( ax) 
dx Pe RN dx =e Yo 
C .sinB dx t.snB dy 
oo 2, 4 ——-- 2, “= 9 
t ds 2 dx 
t ds 
Hence —_-.- ~ + cos BL i we —2 ,— =0 
dx dx 
dy, 2 9 cos, 2C_ dé 
dx t t i Set t dx 
2 cos B,, 
Multiplying both sides by e , it follows 
: 8 2 008 B., 
aoe Fe dy, 2 cos B ae Ee 
e . — +—*.e -Y, 
dx t 
2C_ 2 = B. a6 
42 dx 
Besos 2s 20n%%y Qn Ga Be gg 
€ ——— =" .e 
dx hue 


t? - dx 
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By Integration 


2cosB, © . 2 cos B,, 
~-@ is e Par, 
Yox t? dx 
2 cos BP, 
2 C max ~ f ne eed ( [B.2) 
reed a . e€ 
t* dx 
| 2 cos By | 
20 .8 Bueari a. Ms ak COBY 3) 
=— — —— © oom e a CT atid s PUBS K 
bi ae dx cs 


K is the integration constant which can be written as 
K =A-+B 


A is the constant given in equation (11a) © 


aC. cot BS 
“g t sinh (se Be) 
2 cos B, 2 cos B,, 7 
Se rm a ee 
Hence y, =A.e +e ABs oie | 
. > (13) 

cos B ., 
Os 2 ae Be a (8/8 2) | 
fee oy et OL) 
t 58, 2 dx J 


B is determined from the boundary cnodition. This can be 
formulated as follows 


/ 
a‘ Sf 4 Ae sin B: dx = AC, 
—I; 


With the above choice of the value of A we have 


i 2 cos Bo ale a 

2 oY x ° 

i Ave .t : sin B dx = 0 
mee} 


on Ee 


It follows that 
1), _ 2008 Ba | 2C 
t “ ( Bua 


HY J ‘ 


2 


5 
© max 
t t 


x 2cos Be 
J #8 4 gat Daas) dx). sin. Bp ., dx. == 0 
ma ” agkaae St 


2C 


oo 


8 
As sin B and are a are constants, this integral equation 


can be simplified to 


1 2 cos B.. : x 2cosB, 
Sf /2 (B pa Sf e t x ’ 
"T2 , / 
Ay } (13) 
( Bmax) ax | dx —0 | 
= J 
2C ae 
where B = me : B' (132) 


‘la pe cos Ba. | 
i = B'.e t dx 
va 
2 cos Bo My 
=-B. scp Je Dog 
“Y; 
cos B abe 
; t =~ stall oe) 
— —B 2 cosp ( e t —e t 


Pen eh as To 
see hy ; cos B_ .sinh ( or) 


x 2 eosB, Fa) 
ff ees Oud as 
—; 


x cos B ., 
sae A oe eo EH (14) 
where g (x)= th = 


Oita t 
1/5 2 cos B 
2 cos B Sf : pa pes 
Bae PY an ( 
'/y 5 
where D = fof “ip ji X 
Rewrite ES in the from 
2 cos B 2 608 Bay t ti 
D aihass = (—g(x).e t Pooa se ih 
pe) Robi t jot 
fz 2s Pe 5 d (g (x)) 
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; eo O88 B.. Hass & 
em ghee @ fer 
1/, 28 cos B ., 2 cos B,, 5 
L e t e t ax 
fo er 
cos B, ¥ /2 8 
=D hedee 3 7 eae 
1 cos B.. 
1 __ cos B. 
2M ~)\ ee) : ee 
g (5) 
Introdncing the values of I, and I, in equation 13 we get 
1, =1, 
cos B 1 cos B., 


1 B ar ee 
B= 2 (ey, ae t | sinh pon He} 
2.C ez 1 coe B 
ee a. eu ae | | ae 
cos B., ; ; 
ee tj sinh gas win 


This equation together with equation 14 
. x 2coB., 5 


g (x). oe t er Ad 2 eee (14) 


determines the value of B in equation 12 for the circulation 
distribntion ee 


C B x 2 cosB,, d (8/ ) 
9 2. max e t x max d 
t t edo dx ) 
__2cos B.. C 5 __ 260s Be 
= (A + B).e , meecuon 38 ; ; 


2cosBan a 2 cos B x 2cosBo 
SS : arenes 
ft et ae dx ) 
max 


ax —¥ 
2 008 Bos | G 8 
o> t Be faa): max 
= (A + B).e 2 £ ar; 
3 2 cos B 2 cos B., 
Oe er anton ade OBL) 
max t 
__ 2.008 Boy | C ON 
=(A+B).e ' TN Ga HG) (16) 
8 2cos P2609 Pas, 
where) ab (X) i, 7 CTE ‘ . g (x) 


It is quite clear that g (x), Band h (x) vary with the blade 
form used. In the following the discussion is restricted to the blade 
form used for the four—and five—digit NACA porfiles. The 
corresponding thickness distribution is given by 


) 


=| == 0.1 (0.29690 Vx + 0.5 — 0.12600 (x + 0.5) 


— 0.35160 (x -+ 0.5)? + 0.28430 (x + 0.5)? 
— 0.10150 (x + 0.5)*) ) 
For this blade form the maximum thickness occurs nearly at 
a distance 0.3 the chord length from. the blade nose. .In the 


following table the value of °/s is given against the distance from 


max 
the nose, 
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TABLE 
% age distance from nose: 0.0 1.25 2.5 5 10 


% age oe : 0.0 31.56 43.56 59.24 78.04 
15 20 30 40 50 60 70 
89.10 96.64 100.0 96.64 88.14 76.06 61.06 
80 90 *100 
43.74 2414 2.1 
For this blade form the calculations for B’ and h (x) are made 
and they are shown in Figures 11 and 12. Figure 11 shows the 


relation between B’ and cos BL /t. Figure 12 shows the relation 


B 


: - CO8 
between h (x) and x with the covering ratio era as parameter. 


0.1 PRESS 
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| Tae VaLvE or THE Maximum VELOCITY 
It is clear that at x = — 4 

h (x) = 0 
Mence the velocity at the suction sede is given by 


2cosB ._ 
C 0-0 +f Ae 
max 2 ‘ 


. t.sin B 
(°] 


2 
A+B cos Boo 
= C0 + = .e t ,t.sinB 
; [<2] 


It is quite interesting to compare this maximum velocity with 
the velocity C. by getting the ratio 


Lake ay C, 
Coa, 
A+B cos B,, 
EES op C, °s 2 x © , sgl 
C, — ¢ = AC, cos B 
max C, A+ B t cot Boo 
Hence BUTT es / ee es iat t - tan B 


Inserting the values of A and B it follows 


CG iy OC, 4 col {. .CRmMES 
oe AN is 


ie a ——.e tan B 
C,—C, 2 t sinh (Fe) C. 
_ 008 Ba 
1 C Bi. cos B aF 
4+ —(932°""  ¢ G).—_= ge), 
2 t t t sinh e.. 
t = ; 
ri C. e an B 
cos B. 
e t 


C 8 cos B tan B 
- [<) max o : (==) 
acy te ED aay 
cos B., 
e ¢ C 3B 


cos B,. 
The curves for e ww, 2sin h ( a )and > ( et fe ) are 


shown in Figures 13 and 14. 


Haample: The velocity diagram shown in Figure 16 represent 
the inlet and outlet velocities it is required to design the caseade 
where the maximum velocity is limited to 1.05 the outlet velocity. 


re) 
Take aS = 0.05. 


Refering to Figure 28 we have 


C, = 1.342 0, 
C, = 1487 C. 
C_ = 1.414 C, 


OQ 
Il 


1.05 C, = 1.561 C, 


—C. 1.561 — 1,342 


C 
max i na 
paee GCa iC) 1.487 11340) 4 


C Sine of tata 


As arian. B. m0 + fie = jy % 1.05 = 0.3535 


—- B92 


cel dak bth a 
eee mise 
asl ae ae 
CRE EC 
Trig. va 
e gel da 
iB he 

a2 


0.4 


cos B 
f-<) 


“eG * varies with as shown in the following table 


cos Bit 0.5 0.6 0.7 0.8 0.9 1.0 


C —C, 
TaRENT OT 1.701 1.647 1.535 1.46 1.399 1.353 


0 i 


From this table the value of the covering ratio corresponding to 
the maimum velocity of 1.05 C. is equal to 0.73. 
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Take the covering ratio = 0.8 


ac \: | 
1.126 —— (Figure 21, Table 1 App.) 


Hence A 


I 


0.2 C 
1.126 — ; = 


C 
0.2252 7 


B’ = 0.2612 (Figure 11, Table 3 App.) 


& 
ei © max , 
a ee ee B 
2x 1.414 ce 
go, ARRAS x 0.05 B’ 
f n 
= 0.0369 ore 
Hence A+B = 0.2621 — 
on o n 
As 2 2a t = 0.1414 aC ae 
It Follows" | 


| _ 2 cos Bo, e C, , 
y, =(0262be. § = O1414h (x)) 
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With reference to Figures 9 and 12 (or tables 2 and 4 Aap) 
the variation of y, with x is as follows . a 
x05 “104° 203°, 08 
y, 0.5822 0.3986 0.3157 0.2683 9.2303 0.2175 


0.1 62, SS Oe Od 0.5 
0.1921 0.1838 0.1819 0.1779 0.1803 


The design is as in plate III. 


TABLE 1 
A C. cot B 
A hae WDM, «Wes Men 
t sinh ea 


| — J OS 


1.4215] 1.1475|0.9465/0. 7895| 9.6627) 0.5558 0.4634 |0.3823) 0.309 
tA 1.605 |1.2965|1.069 |0.8925|0.749 |0.6281| 0.5239 |0.4318 0.349 
1.0 1.825 |1.4725|1.2155]1.014 |0.851 |0.726 |0.5952|0.4908 0.3968 
0.9 2.089 | 1.686 |1.3905|1.1605/0.9735)0.817 | 0.6812 0.5620 0.454 
0.8 2.415 |1.950 [1.608 |1.3425/1.126 |0.9452|/0.7885 |0.650 |0.5252 
0.7 2.732 |2.221 |1.818 )1.5175)1.274 |1.069 |0.8918 |0.7352/ 0.594 
0.6 3.371 12.723 |2.246 |1.8735)1.572 |1.319 |1.101 |0.9075/0.7335 
0.5 4,115 }3.323 |2.740 |2.287 |1.9185| 1.6105) 1.343 |1.1075)0.895. 


0.4 5.221 14.216 |3.475 |2.901 |2.434 [2.042 |1.704 {1.405 |1.1355 
0.3 17.045 |5.477 |4.515 {3.912 |3.283 12.755 (2.298 11.895 11.5315 
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TABLE 2 


__ 2,c08 Bes 


K 


—0.5 3.3201;/3.004 2.7183}2.460 |2.222 |2.014 |1.822 |1.6487)1.4918) 1.3499 


—0.4 | 2.612 |2.411 |2.226 2.054. 1.869 |1.7507|1.6161/1.4918)1.3771/1.2712 
5.3 . 2.054 |1.935 |1.822 |1.7160)1.6161 |1.5220)1.4333|1.3499 1.2712 $11972 
—0.2 1.6161/1. 5327 1.4918/1. 4332 1.7771 |1.3231|1.2712| 1.2214)1.1735) 1.1275 
—90.1 1.2712/1. 2461 1.2214/1. 1972 1.1735 |1.1503 |1.1275|1.1052)1.0833)| 1.0618 
“0.0 1.00 |1.00 {1.00 [1.00 {1.00 {1.00 {1.00 |1.00 {1.00 |1.00 
0.1 0.7866|0.8025 0.8187|0.8353|0.8521 |0. 8694 |0. 8869) 0.9048 |0.9231/0.9418 
0.2 0.6188 /0.644 eee 0.7261 |0.7558 |0. 7866 0.8187 0.8521 0.8869 
0.3 0.4868/0.5169 0.5488 )/0.5827|0.6188 10.657 |0.6977|0.7408 |0.7866|0. $353 


0. pte 0.4066 |0.4493 10.4966 |0. 5488/0. 6065 0.6703|0.7408 


0.4 0.3829)0. a0 Sh ap 0.5273 |0.5712|0.6188| 0.6703 |0.7261 |0.7866 
0.5 0.3012/0. Riad 


TABLE 3° 


cos B ~o ae cos B 


fear ges ee ea / sin (——*) 


1571/0. 204 0.2313 0.2613/0.2949 0, 3310,3758 04238 0.477 


| 
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TABLE 4 
. 5 2 cos BL __2 ens B., 
h(x) = ge eg) 
max t 
cosP,. | 

ql 

~ 1.2 1.1 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 
yl 

pS eas a ON, ue 
—0.5 0 0 0 0 0 0 0 0 0 0 


0.6724) 0.6831} 0.6886) 0.6946! 0.7075; 0.7189} 0.7258) 0.7348; 0.7489 


earn 0.7163) 0.7342 


—0.3 ial 0.7538] 0.7785) 0.8032] 0.8244; 0.8481) 0.8762 
—0.2 0.5692! 0.593 | 0.6226; 0.6491; 0.6810} 0.7153] 0.7511} 0.785 | 0.826 | 0.8654 
—O0.1 0.4125! 0.440 | 0.4732) 0.5115] 0.5449! 0.5858] 0.6299] 0.6735; 0.7220) 0.7778 
0.0 | 0.2510) 0.2774) 0.296 | 0.3465 iy es 0.4315} 0.4804! 0.530 | 0.5864] 0.652 
0.1 0.0915) 0.1148} 0.1342) 0.1802) 0.2208; 0.2652) 0.316 | 0.367 | 0.4285) 0.4998 
0.2 (-0.0626|)-0.045 Lee 0.011 | 0.046 | 0.0878) 0.135 | 0.195 | 0.2485} 0.3220 
0.3 Bie “0-0-0815 0 ai aE 0.0212; ..0727| 0.1450 
0.4 |-0.3348\—0.3292|-0.322 | - 0.3012/--0.281 et - 0.1723) - 0.1257|—0.0795 
0.5 0.456 ~0.4610|/-0.4575|—0.4538|—0.443 Ry ead 0.401 | 0.3708|-0.3273|—0.2699 
TABLE 5 
cos B cos B 1 cos B 
o (re) = Sle og (5) Jinn (FS) 


i (as (eee |e et ns eed teaeeenneee (een 


cos Boo 1.2 


A. StopoLa 
A. Tenor 


W.R. THomson : 


Ep. Amsturz 


E. WEINIG 


W. TRavrs.i 


W. Teravupe. 


W. Mourrerpxsrc: 


A. W. Garnick: 
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TABLE 6 


cos B cos B 


a | 2 sinh arpa) 


1.1 1.0 | 0.9 | 0.8 | 0.7 | 0.6 | 0.5 | 0.4 | 0.3 


_ 1,105 | 1.125 |1.1565) 1.198 | 1.253 | 1.327 | 1.432 | 1.582 | 1.816 | 2217 
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ELECTRICAL ENGINEERING 


' THEORY OF THE SQUIRREL — CAGE INDUCTION 
MOTOR BASED ON M.M.F. CONSIDERATION 
BY 
M. NOURELDIN ABDEL-HAMID, Ph. D., M. Sc. 


SUMMARY 


It is shown that the equivalent circuit of the squirrel- cage induction 
motor can be deduced in an independent way by the consideration of 
the air — gap m.m.f, waves. Inspection of the m.m.f. balance 
equation of the machine will finally lead to its equivalent circuit with 
its constants expressed in terms of phase values. 

, The m. m. f. set up by a rotor cage placed in a sinusoidal rotating 
field is shown to be also sinusoidal with all harmonics of any practical 
importance completely suppressed by the cage winding. 


List oF Principat SYMBOLS 


A co Area of a pole = = oe merge hs mt” 
B, = Air-Gap fluxdensity. . . . r Weber/mt” 
D motator. bore’. . s. ae: . =, goku 0 mis 
EK max = Maximum value of bare.m.f. .  . volts 
| a ‘i TT es ot is ey, é 
q ey = Instantaneous value of barem.f..  . 3 
e, = . | » 9, Statore.m.f. . 3 
; e, == a » +» @. mf. of one stator turn ,, 
f, = Supply frequency . . . . . _ cycles/sec. 
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b max = Maximum value of bar current . . amp 
NES - »» Stator current. - “ 
ium = Lnstantaneous value of the current of the mn” 

rotor bar oe ce 4 ae er ee Amp 
i, — Instantaneous value of stator current . : 
k, = Stator winding factor. 
k, = Rotor skewing factor, - 
K =Constant.. 

L = Axiallength of the machine. . . mts 
PI pe Corrected length of the air gap «lt mts 
N  =Number of rotor bars. 

P = Number of pole pairs 
R, = Stator resistance per phage o) 4) besa ohm 
8 = per unit slip. 

t CHG IED A Re an eae secs 
yee SOCOM ee pe eee eee mts/sec. 
W, = Number of Stator turns per phase 
X, = Stator leakage reactance per phase . ohms 
Z, = Rotor impedance per phase referred to 

the stater. 6 cant ee een Ves ohms 
a = Angle of lag of stator current behind 

stator €.mfe (+ ++ +s + SON. SO 
@ = Angle locating arbitrary point in the air 


gap measured from the fixed axis “ab” 
onstatorside(Fig.1). . - -; Mech. radians. 


@’ = Angle measured from the axis “ ab” Elect. Radians. 
w, = Supply angular frequency . . elect radians/sec. 
u = Permeability of the air gap assumed 


equal to that of free space . 


¢ = Angle of rotor impedance. . - radians. 
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(1) Inrropuction 


The usual way to derive the equivalent circuit of the induction 
motor is to start off from the equivalent circuit of the transformer and 
modify it to account for the rotation of the motor. In this paper our 
aim is to proceed in an independent way. 


The independent method of tackling the problem is to assume a 
sinusoidally distributed air gap flux density wave, and proceed to 
find expressions for the e.m.f.s. and m.m.f.s. of the stator and rotor. 
Since the cage rotor is dealt with here, its m.m.f is obtained by adding 
up the individual bar m.m.f.s. for the whole cage. Finally writing 
down the m.m.f. balance equation of the machine, the equivalent circuit 
of the cage is obtained by inspection. 


The parameters of the equivalent circuit are expressed in terms 
of phase values; in this connection it may be important to mention 
that the M.K.S. system of units is applied throughout this paper. 


(2) Arr Gap M.M.F. 
The air-gap flux density wave, assumed sinusoidal, can be 


expressed by: 


Ber Bae COP (Pe — w, t) i : : ; (1) 


The wave is rotating in the forward (positive) direction at the 
speed w, | 2m. p revolutions/sec. 

From equation (1) and neglecting the iron losses of the machine, 
the magnetizing m.m.f. is: 


(m.m.f), = B,,,, cos (P89 — w, t). Lg/u,, 


Putting pp = 47. 10~’, this last expression can then be 


modified to: 


7 
(m.m.f), = Bax: C08 (P89 — wy t). Leg. ue : (2) 
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(3) Srator E.M.F. axp M.M.F. 
(3.1) Stator E.M.F. 


The e.m.f. induced in a single conductor of length L mts, cutting | 


at right-angles a field B Webers/mt” at a speed v mts/sec. is given by : 
e = B.L.v. volts. ; : : (3) 
Considering one full-pitched turn of the stator whose sides lie at 
angles @ and (0 + 7? from the axis a b (Fig 1), the e.m.f. induced 


:n the turn due to the flux density wave given by equation (1) is: 


n.f,.D 
e, = — Bua, L- i [cos (P@ —-w, t) 
T 
— cos } (8 + pF —w,t volts. 
e, = —4.£,. A. Bass. Cos (Pe — w, t) 


Considering the whole W, turns of the phase under consideration: 


the total e.m.f. induced in the stator phase is: 


2 = —4(W,.k, BL. fA). coswyt (4) 

or e. = — Bo ax CO8 Wy t : z : : (5) 

where E,..,= 4 (W,- k,- Bmax: fi, As) volts ; (6a) 
E, mnax 

from which B_4, = a Wi ky eal ‘ : Ripa ha (6b) 


The e.m.f. applied to the stator to compensate for e, (equation 5) 
is equal and apposite to it ze. equal to H, 1... cos Wy t. The stator 


current, assumed lagging by an angle « behind — e, is: 


BE nae 2 COS OM i a) eee : , (7) 


The angle of lag « represents also the lag behind the applied stator 
voltage if the stator resistance snd leakage reactance are neglected 
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(3.2) Stator M.M.F. 


In Fig I is shown the m.m.f. of one stator phase (which is 
considered the reference phase). The pulsating wave can be represented 
by a Fourier series including odd sine components only, the funda- 
mental component being : 


sin 6P (8) 


] 


4 W, _ sin w/6 
v2) 9" on/6 


(m. m.f.) py tare ae = 


The factor ene 
a /6 


stator winding. If we substitute for this factor by k, to include the 


represents the effect of distribution of the 


effect of any possible chording, and for i, from equation (7) equation (8) 
will yield: 

cu Wek. 
c 2D 


ered 


(m.imifn) sigs « sig) ey 
a 


cos (w, t — @)sin 8p 


—.- g meh degrees 
mete Go eled uv 


Fic. 1.—M.M.F. Wave of one Phase of a Polyphase 
Winding (slots/pole/phase = 4) 


Similarly the m.m. fs of the other two stator phases are: 


(m.m.f.) py «50 |= We. Fs By max| Cos 
(96) 
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(mmf), «.: = 4 . Ws. i ee max | . COS 


(9¢) 


(w,t—a—-").sin( ep a Ye 


From the above expressions, the resultant stater m.m.f. is the sum 
of the phase m.m.f.s., thus : 


3). Week : 
(m.m.f.), = oF ee I sin (pe + a — w, t) (10) 


P 8 mex 
(4) Rotor Reactiox 
(4-1) E.M.F. and M.M.F. or A Rotor Bar 
At any slip s, the air gap flux density wave (eq. (1)) rotates at 
Ww | 
a speed (se : s) mech. radians/sec. with respect to the rotor. 


Consequently, the air-gap flux density wave w.r.t. the rotor can be 
expressed by : 


B. = B_,,. Cos (pe—sw,t) . : ; . (1a) 


Referring back to eq. (3), the max e.m. f. of a rotor bar is: 


. s. 1. f; D. 


B. aax = es L. ae Te volts 
E. f= 2. eye A. sf, volts (11) 


Substituting, for B_ from eq. (6b), we get: 


8 kK. 
a ae 8° OW ky” ss oe : : i : (12) 


The max bar current ie AD) * 


1 sk 


sk 
Tuk = es 2, (W.-K) ° aid 8 : (13) 
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where Z, represents the tm per anes of a rotor bar including the effect 
of the shea -circuiting ring’ at frequency sf, 


Considering the axis cd Fig. 2 of the mesh formed of the first 
and last rotor bar coinciding with the axis ab Fig. 1, and with the 
rotor bars numbered as in Fig 2, the current i, | of the m* rotor bar is 


given by : 
i =—TI 


bm 


bh max* CO8 |8W, t wg si xe (m—1) + “Pa (14) 


where ® is the angle of the impedance “ 


Sa Roka ting Fre ld 


direction 


F.g. 3.—Numbering of Rotor Bars 


Neglecting the m.m.f. drop in the rotor iron, the main circuit of 
the flux of any considered rotor bar will be two airgaps in series”, 
Consequently, the m.m.f. of one rotor bar will be rectangular as in 
Fig. 3. The wave can be represented by a Fourier series which has 
odd sine harmonics only. The series is then of the form: 


b,- sin X’ + b, sin 3 X’ +... b. sin nX’ 


where X' is the mech. angle measured from the pesition of the m*™ 


bar. The constant b_ can be proved to be given by: 


b= bm 
n n Tw 
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and the m.m.f. of the m*" bar is: 


n=o ts 1 
(manf)t Sou: let) aoe ee . alk aaenen 


nz 1,3,5 wv 


mech. olegrees —~ 


Fig. 3.—M.M.F. Wave of a Single Bar 


If the angle X' is measured from the axis cd Fig 2 and 
called X, the relatisn between X’ and X is: 


2.1 Tt 
x = At ie Ne oN 


and Eq (15) can be modified to: 


n= 0 1 27 nwt 
(m.m.f) = ee ee ae | sin (n X + nm. —+) (15a) 
Substituting for i, from eq. 14: 
n=e —I, max 9 2.P 
— eee ae fils eraser 
(m.m.f.) . Seis Gace Cos sw, t + yy (m—)) 
(16) 


n P Qn une 


ae 7 —o|- sin (nX + nm. WEN 


The (m.m.f)_ which is produced by the rotor bar m and of the 
order n, where n i an odd number, is a pulsating m.m.f. and can be 
resolved to a forward and backward rotating mm-f.s, these are 
given by: 

: —I, max 2.%.m 


Forward (m.m.f.) = wee sin E X + es tai 


- 


(n — P) — (n—P)+0— ew, t ](17@) 


— 413 — 


2.1.m 


—J 
Backward (m.m.f.)) = An JX A 5 ETS 
He 2nt 
(174) 


(n+ P)— Hat P)—o+smy,t| 


(4.2) M.M.F. or A Rotor CaceE 


The resultant rotor m.m.f. in the forward direction is the sum 
of individual bar m.m.f.s given by equation (17a). Thus the rotor 
m.m.f. wave of order “n” in the forward direction of the rotor 


cage is: 
m=N —J : 2™m 
(m.m.f.) ee amas S: « th 
gad ar sic apse i sin nX+—¥ (n—p) 


—F-@—ptenemt| 


—I 
— pet's = E sin| 0, + (oP) (2m - 1)| 


where 9, = (nk = ore wet) 


os 
Ss SelM [ator .(2m=1) | 


where I M — imaginary part. 
—I! sin [(n — p). Tt i 
(Uh.A he ee ty aed 
2nk N.sin [(n — p) v7) | (18a) 
sin [nX + @ +(n—p) ™—sw, t] } 


In a similar way and applying equation (176), the backward 
(m.m.f) Back is 
iy ere N sin [ (n+p). @] 
nabeck 9 ne | N.sin[ (n+p) ~] f (188) 


sin [nX —@+(n+p)t+sw,t] 


(m.m.f) 
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Considering now the constants: 
cy . so foe 
1 = 
N. sin | (n — Px | 


and K . Sole t yp. ao  e 
N. sin| (n +p) | | 


which appear in equations (18), we get the following points : 


(a) The factor K, is generally equal to zero. 


(b) In the case @ T Die u, where u is an integer, K, will not be 


equal to zero but will have a valne 
(uN — wu) is even or odd. 


-++ 1 according to whether 


—— 


“T= u is hardly fulfilled except with u = 0 


which leads ton = p. This means that the forward rotor (m.m.f.) 
is a fundamental wave. 


(c) The case 


(a) Consideration of K, (equation 20a) shows that K, is generally 


n ! oe : 
zero except in the case a =u. This condition cannot be verified 


with low order of n. This means that the backward component of 
the whole cage will cancel out. 


From the above, and putting n = P and K, = 1 in equation 


(18 a) the resultant cage m.m.f. (= the forward wave) is: 


—I, max 


(m.m.f.)) = D pan 


-k.. en [pA + & = oF t] (21) 


in which the factor k, is added to generalize it since the effect of 


skewing of rotor bars is clearly to decrease the (m.m.f.). 


— 415 — 


Substituting for I in eq. (21) from eq. (13) we get: 


b max 
‘ —E, max aie 
mt.) = . 810 _ t 22 
Ce Zopaifiah Mish octane yaecioh wes 
N s * (k,)? 
(1—s)w : ; 
Since the rotor is rotating at a speed ar es mech, radians/sec, 


then if X in eq. (22) is replaced by 6 measured from the fixed axis 
a b Fig. 1, equation (22) will be modified to: 


, " —E, max rp 93) 
m.m.f.) = sin 6+ —w,t : 
Tee FA W..k. i t ( 
Ou 8 ars, 


(5) M.M.F. Banance Equation 


First, the final expression for the (m.m.f) is obtained by sub- 
stituting for Bin equations (2) from equation (6d), this leads to: 


E, max ? 
(m.m.f.)) = = Tk FeO Woke. A cos. (P8—w,t) (24) 
10’ Saati WRLeA 
g 
Since:(m.m.f.)) + (m.m.f), = (mm), : Bats (25) 


Equations (10), (23) and (24) will lead to the following (m.m.f) 
balance equation : 


iW ok 
pia ie eo sinh Oto Wy t) + 


wT 
ames max 
Ta Ay ween beater mt] 
N Ava ald_otu 
8 max 
SrdwapasWiok gk Ue Gay be 
A RaERyE 


€ 
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Since the above equation is valid for all values of © and t, it can 
simplified by choosing the value 8 = 0, Dividing all terms by 


ale = 


as a following expression will be obtained : 


Lg, iD (Wy tir o) = IZ 
b 


(Wk)? sin(w,t —%) 


———— 


(26) 


ie) 


8 max A wT 
* dria. (Wk) tees (w,t-5) 
10'° L.. oak 


(6) Equivanent Circuit or THE Cace Moror ~ 


Considering the above equation, the equivalent circuit of the 
machine may be regarded as an e.m.f.== E.. sin(w,t) applied across 
two impedances in parallel, These impedances are the cage impedanae 
referred to the stator side: 


s 'N G.k,) tn 


and the magnetizing reactance : 


an 12 (W, ky fA pepe 
ee eee Jo es ohms, - (28) 


Inspection of equation (27) leads to the following points: 


1. The rotor impedance appears devided by the slip s. 

2. The cage rotor may be regarded as an N phase winding, each 
phase has (% k,,) effective turns. 

Equation (28) represents a pure reactance since the iron losses 


of the machine have not been taken into account. If required, they 
can be represented by a high resistance in parallel with the above two 
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parallel impedances. Moreover, adding the stator resistance and 
leakage reactance in series gives the normal equivalent circuit,as shown. 


in Fig. 4, 


Fie. 4.—KEquivalent Cet. of a Cage Motor 


(7) ConcLusions 


The m.m.f. of a symmetrical cage winding has been shown to be 
almost purely sinusoidal. Only the m.m.f. having as many poles as 
the air-gap flux wave is built up by the cage, while all other harmonics 
of practical order are fully suppressed. Even those harmonics of 
very high order which might be developed could not have any 
noticeable effect since the impedance of the cage winding to such 
harmonics will be very high. 


Also, equation (27) which shows the rotor impedance per phase 
referred to the stator side, confirms the method usually applied to 
treat the cage winding of the motor as having as many phases as the 
number of rotor bars. Each rotor bar in itself represents a phase, 
this means that each rotor phase has a number of turns = 1. 


The method of treatment applied in this paper, rather difficult 
as it may appear, allows the application of much of machine theory, 
It furthermore has the advantage of giving the final equivalent circuit 
constants in terms of phase parameters. 


The method applied here will be a lot easier in the case of 
slip-ring induction motor, and is also applicable to a good many 
similar problems. 
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APPLICATION OF SERIES CAPACITORS 
WITH PARALLEL SATURABLE INDUCTANCES 


IN A.C. TRANSMISSION LINES 
BY 


M. NOURELDIN ABDEL-HAMID, Ph. D., M.Sc. 


INTRODUCTION 


It is known that capacitors may be connected in series with A.C. 
transmission lines to compensate for the inductive drop in the line 
and, consequently, to increase the stability of the system. But an 
important consequence of doing so is the inevitable increase in the 
short-circuit current. 


In this paper it is shown that the application of a combination 
of series capacitors and parallel saturable reactances serves the two 
purposes of compensating for the inductive drop under healthy condi- 
tions, and limiting short-circuit currents in case of short-circuit. 


ASSUMPTIONS AND PRINCIPAL SYMBOLS 


To simplify matters, we concern ourselves here with a single-phase 
transmission line, or what amounts to the same thing, one phase of 
a 3-ph. transmission line. The T.L. is considered short enough to 
neglect its charging current, and of negligible resistance. 


The following symbols are used : 


E — voltage at the sending end. 

Vv. == voltage across the series condenser, 

Vi» Veg — condenser voltage in normal and short-circult cases. 
>. — Inductive reactance of the transmission line including 


that of alternator, transformer ... etc. 
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Xx. — Capacitive reactance of the series condenser. 

oe — Reactance of the saturable inductance connected in 
parallel with X, 

A Current in the transmission line under normal and 
short-circuit conditions, respectively. 

Dt ae Current in the series condenser under normal and 


short-circuit conditions, respectively. 


Tn tgs == Currents in the saturable inductance under normal 
and short-circuit conditions, respectively. 

k at Ve | Ton 

m = V/V 
cs cn 


Also, it is assumed that the series condenser has zero dielectric 
losses and that the resistance of the saturable inductance is negligible. 


Ae 


% : f (Receiving end ) 


lsc pornt 
Fig. 1.—Representation of Short Transmission Line 


THEORY 


In case of no saturable inductance, X, is designed to cancel the 


line inductive drop under healthy conditions, that is: 


Vo=L, A, =! a ean oe ae (1) 


cn Ln Ln ce 
In this case the voltage drop in the line will be only due to its 
resistance which is considered here negligible. With such arrangement, 
short circuit currents will be really high and can easily destroy the 
capacitor due to very high voltages across its terminals. 


Connecting a saturable inductance across X,, the combination is 
so designed to act capacitively on normal operation of the transmission 
line, and inductively at high values of . corresponding to the short- 
circnit case. Thus, on normal operation “the combination reduces the 
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effective inductive drop of the T.L. and adds to the stability of the 
system, and in the s,c, case it increases the effective inductance, and 
thus helps to limit the short-circuit currents and reduces the capacity 
of the required circuit-breakers. 


To understand the theory of the method we consider Fig. 2 
showing voltage / current characteristics of X,, X, and the combination 
of both in parallel. Curve (a) of the capacitor is linear, and curve 
(b) of the saturable inductance is linear up to a certain voltage 
representing the unsaturated operation then it curves quickly into the 
saturated region. As regards curve (c) of the combination it is con- 
cluded by substracting for any voltage the magnitudes of the two 
currents obtained from curves (a) and (6). It is seen that up to the 
voltage V_ the combination is effectively capacitive with a maximum 
current I, while for higher voltages it is inductive. The normal 


Leading 


heading cusrent Lagging Current 


Hra, 2.—Volt./Current Characteristics of Capacitor, Saturable 
Reactance, and Their Parallel Combination 
voltage across the combination should be chosen much lower than 
V 39 f6e Va < Vo While in the case of short-circuit Vest aY) orth 


operating points being respectively n and s. These two points 
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determine the ratios of voltages and currents in the normal and s.c. 
cases, i.e. m and k, and therefore they are the decisive factors in 
designing the saturable inductance. 


Noting that all symbols in the following equations represent 
magnitudes, the currents in the transmission line in the normal and 
short-circuit cases are: 


Lg eet eee 
and Ais iG leu ceaanebrsert ake ae 


In the short-circuit case : 


Lloyd eK pee ihe 9 yeni eae 


Assuming that the normal voltage across the series capacitor 
V_ is equal to the reactive voltage drop in the line, and calling 
cn 


= and I, /l,, = k, eq. (4) will be modified to: 


E=wm i. xX, +k Lee xX, 
from which: 


E 


ey == (m + k). X, . ° 2 ° * . (5) 


From eq. (2), the normal current in the saturable inductance is: 


To ie Le oy I 


XxX 
os age 1) 


and from eq. (5): 


(6) 
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Also, from eq. (3) representing the short-circuit case : 


Ips cs li + Ls 


=k. La ‘f V./%, 


= k, Pe fmt 


Dm 
=1, (m3 xe) 


and from eq. (5), the current in the saturable inductance in the 
short-circuit case is therefore: 


ere goes oe a fe i ae 
ae (m +k). X, (7) 


The voltage in the normal and s.c. cases across either the 
capacitor or the saturable inductance are : 


E 
Naga dl Fe arto ag ith hie! vee oll AD 
E.m 
and Vou =m. Vis = mk . - ~ e e (9) 


In the design office, the relations expressed by the above 
Eqs. 1 and 6 to 9, should be helpful in carrying out the design of the 
appropriate saturable inductance for certain chosen ratios k and m 
which determine the s.c. current and maximum capacitor voltage in 
terms of the normal corresponding values. 


CoNCLUSIONS 


It has been shown that the simple connection of a capacitor in 
series with the transmission line can be fully advantageous on normal 
operation. But in the case of short-circuit, such method may result 
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in excessive s.c. currents and voltage across the capacitor leading to 
heavy and expensive switchgear, and destruction of the capacitor. 


By connecting a saturable inductance of appropriate design across 
the terminals of the capacitor, the double aim of improving the 
transmission of power under healthy conditions as well as limiting 
the line current and capacitor voltage in the case of short-circuit 
can be served efficiently. 


The design of saturable inductances is no longer a laborious 
problem in the light of increasing knowledge about magnetic materials 
and winding techniques!. As is well known, d.c. controlled saturable 
inductances are nowadays increasingly used in modern practice. 
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FILTERS POSSESSING APPROXIMATE GAUSSIAN 
TRANSFER FUNCTION 


BY 


FUAD SURIAL ATIYA, B.Sc.Hons., D.Sc. Tech. 


Assistant Frofessor, Faculty of Engineering, Cairo University 


SUMMARY 


The simplest among the several two terminal-pair networks 
which possess the transfer-function 1/(1 + jt@)" is the low-pass 
ladder network shown in Figures 2e, and 7. The general design 
formulae of this network are given. The band-pass ladder is also 


derived for radio-frequency pulses. 


INTRODUCTION 


The production of Gaussian error-curve pulses by means of net- 


works having a Gaussian transfer-function is well-known [1,2,3,4,5,6]. 


2 

A transfer-function Kea Wipe having zero phase is physically not 
realizable [2, 3,6]. On the other hand the physically realizable transfer 
function K’/(1 + j t )" can approximate in amplitude to any desired 
2 
degree the function Ke 8) [1,2,3,6]. The phase, however, is not 
zero ; it grows with n and diverges for infinitely large n (2, 3, 6]. 
Figure 1 shows the relation between the transfer function and the 

normalized frequency for different values of n. 
Such transfer function can be realized by a cascade connection of 
n identical amplifier stages, each having as plate-load a resistance 
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and a capacitance in parallel (Figure 2a). n should be as large as 
possible for the approximation to the Gaussian error curve to be 
reasonable, Thus a large number of amplifier stages is needed, and 
this solution is too complicated and expensive for the purpose. 


Fia. 1 


The passive networks of Figure 2 b, cand d are constant-resistance 
networks which have the desired transfer function [6, 9] as is shown 
in the appendix. They are essentially simpler and cheaper than the 
multistage amplifier. They need, however, too many circuit-elements. 
The networks of Figure 2b and c need (3n + 1) elements ; the net- 
work of Fgure 1 d needs (4n + 1) elements. 


The low-pass ladder of Figures 2e, 5 and 7 can be designed to 
possess the required transfer function. It possesses, like the networks 
of Figure 2b, c and d the advantage of being passive. Further it is 
much simpler than the mentioned networks. It has only (n + 1) 
circuit-elements, and is thus canonic. 


S iy = 


Such a ladder has already been calculated and used [1], but no 
general theory of the network was developed, and only special cases 
with small values of n were treated. The general theory developed 
here readily permits the calculation of more complicated ladders and 
thus allows better approximations to the Gaussian error-curve. 


‘a> 


(b)- 


(¢) 


‘d) 


18) 


Via. 2 


For pulses of high-frequency carrier a band-pass ladder will also be 
derived (Figure 9). 
Tur Low-Pass Lapper. Constant VottTaGE Drive. 


When the drive is a constant voltage generator the transfer 
function is taken to be the open-circuit voltage transfer-ratio : 


c ve 1 
=(vhi . é . ‘ ‘ : (1) 


(Figure 3a). This is the case of a cathode follower stage drive. 
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The conditions for the physical realizability of the transfer-ratio 


T (p), where p is the complex frequency are the following [10] : 
1. T (p) is real for p real. 


P 
Py TO=G0 OE OEE 


where P (p) and Q (p) are polynomials in p, and in particular Q (p) 
is a Hurwitz polynomial. 
3. T (p) may not have a pole at p = 0 or at p = co. 


The function 


Pe 


K 
1G) bee ornithine ae ‘3 
(p) ie or (3) 


where K isareal constant, t is a positive real constant, and p = complex 


frequency = j®, satisfies these conditions and is therefore realizable 
as the transfer-ratio of a linear passive network having a finite number 
of circuit-elements. 


The additional condition for the network to be realizable without 
transformers is that: 


|T (p)|=lforprel SO . é [ (4) 
When subsituted in (3), this amounts to 
aS ema I , : ; : : : (5) 


At actual frequencies the magnitude of the transfer-ratio is 
given by: 


| K | 


a row pi 


Wer OD ie 


Thus a small value of K means useless attenuation ; the highest. 
possible value of K will therefore be taken. Thus: 


CT Ne Wari I Bi 
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The positive value being taken (otherwise the input or the output 
terminals can be crossed). It follows: 


de 2, 
e[_t> et 
! (a) (b) 
Fig. 3 
1 
ay = — 8 
(P) (1 + tp)” 8) 


A two terminal-pair network (Figure 3a) has generally the 
relations : 


V, = AL, Vat Meh, 4]\' = oy = F- (9) 


fy 48) AjiiVgcteomy, Lpioqun oclg pry! eed } Sooyiv¥i (10) 


The voltage transfer-ratio is the voltage ratio when the output 
current I, is zero, thus: 


T= featil ; (11) 
Yi 713-0 Ay, . 


Let the relations (9) and (10) refer to network [ in Figure 4a, 
composed of network II terminated in pure resistance R at its output 
side. Let network II have the chain matrix: 


A a 
pad ek ie ee, 8) 
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It follows that the network I has the chain matrix: 


UJ 


Ay Arp Mat Ay An ng 3 | 
, D Se: i 1 
Ag Avo Ay Avg || | R 1 | 
1 (13) 
i, AutRAp Ar 
1 
Ao +R Age Age 
Fig. 4 
The transfer-ratio of network I is then given by : 
: 1 
T a 1 [fant An]: . . (14) 
Network I has thus the required transfer-ratio (8), when: 
] n 
(An+4n) = (1 + tp) : ; : (15) 
Now let network II be purly reactive. In this case A,, and 
a Soh can be separately determined from (15) as follows. For 
p = j= pure imaginary, A,, is a pure real quantity and A,, is a 
pure imaginary quantity for reactive networks. Thus since (15) is real 
1 


for real p, A,, is the even part and >, A,, is the odd partof(1 +t is 


Thus for p = jo = pure imaginary : 


ee Re (« + xp") E y ; : (16) 


a ‘oe Im (a + «p) : ; q ( (17) 
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where Re and Im mean the real and imaginary parts. Let: 


= BD.) 1) « : ° ; : : : : (18) 
Hence A,, = % (« +qy) +d — a") : : : (19) 


4 i heat elgia n = odd 
Ave evan tats Qeutt aides ee. f [ (20) 
aq n — odd 


FA, = 4 (a+ar—a—a" ) AO ae. 


1 aq: n=odd 


R 412 = 4,4 + a,q° + a, q? + woe + (22) 


n—1 
a._1q. n—even 


where a = (*) : i , : ; : : (23) 


n 
From the reciprocity relation for network II follows: 

a= (8 Aa Ane Aoi et : (24) 
Hence the following relaticns for network II: 

Peevey yp — loge ; : é (25) 


Tee Vm ee pra(ae 


where the short —circuit admittances are given by : 


A 

i [2 
Sy hens cl 4 ng # rd py) “a (27) 

1 

en = Che AY : ° ° ° ° : (28) 

A 

11 
ares ° . . ° ° . ° (29) 
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Substituting (20) and (22) in (29) one gets: 


a + as bt agg! five 
Yn 1) Se 
By eg hs a eee 
Yoo 
Cauer—Guillemin type [7, 10, 11]. 
For n= odd: 
1 1 1 ‘| 
Y Sn gel a 
22 6C#R a, aq |os 
Let yedrl ale Sg 
= (47+, +; 
iP | 2P | 3P 
where Bo = ta, R 
for v= odd, and 
To 
Pi . 
: R 
for v = even 
For n = even 
salah sieges | 
Mes R L210, tug qu (era oe 
Lie oad 
B.D att. eae 
(8, p Bp |B3P 
ta 
where Bp = zr 


n—1 
a,_19 } 
al a q” n =odd 
‘ (30) 
i aq n= even fi 
a dae 


will now be developed into a continuous fraction of the 


Leap ess 

ay q ma jaa (31) 
Be 

pth © ae (32) 
(33) 
(34) 

Bae er 
le, 4 i (34) 
+ a4 ag : ) (35) 

n—1 |B, P 
(36) 
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pj ca R haxingonsy-ad wor lips pAQW IBM, 3f E37) 
for vy = even. 


The continuous fraction development can be made either by long 
division or by a method given by Cauer[7]. The last one will be used 
here for it gives the result explicitely. Although the order of the 
a-ccefficients in (30) is the reverse of Cauer’s, the results there are 


applicable bere because a, = Let the determinants 4, 


Us ee : 
(v = 1 ton) be defined as follows: 


] 
oO 
ee ye Wiebe 
A. = BER FOO ye 
1 ay ay | (0) oy0 ) 0 
| 
ee ig hg a, | ay () | TS Ta oe Sie () 
5, = a a, a, | ay SENG ERRRWE erg. ) 
A, = an Ae ae ay a. fiagaleeeeenttn rae 7") 
A. = ily Xe ay ae as Gly ecaiatieats 0 | . 
—— ha 85) 
Ae = (yee 
6 21, 419" 49 lg Se Wea 
a a Pp eee) ee Oceana gee? Maa i Lh 


The explicit relation between & anda, , 4 y+++54 is [7.]': 


2 
Aya) 


SR oe eae EP 
\ aE Ay 


28 


where the A’s are defined by (38) and the a's by (23). 

The network can now be recognized as a ladder network having 
series inductances and parallel capacitances as shown in Figure 9. 
The total number of circuit-elements (R n t included) isn. The 
inductance or capacitance of the circuit-element is B.. The input 
element B is always an inductance. 


Bs B3 B Bs Bs B2 
0 ‘h\ NU L 
Git” Foe Tee ROW. Gul st Bot Prt DR 

(a) 


(b) 
Fic. 5 


Usually + will not be specified, but rather the frequency f, at 
which the amplitude at the output is 3 decibels lower than the 
maximum at zero frequency. Thus: 


(1 + (20 f, 7" = V2 


a ] 
therefore t = Pi ees le tore (40) 
20 f, 
This can be approximated for large n as: 
/ In 2 l 0.832 l 
tae siege ey relia 
n. | Qn f, vn Pm te : : Bae 


The error in (41) is 4.6% for n = 4 and 2% for n = 9. 


Now the values of the circuit elements of the ladder Figure (5) 
are given by 


B, =ta R : : ; ‘ : : : (42) 
for the series inductances, and by: 
a feat 
yo. as : : ; : (43) 


for the shunt capacitances. The input circuit-element Bis always 
an inductance. In (42) and (43) t is given by (40) and a by (39). 


Otherwise a is obtained from the following table or from Figure 6. 


n a a, 
1 3.000) 

2 | 0.500! 2 000 
3 | 0.333 | 1.125 
4 | 0.250 | 0.800 
5 10.200 0.625 
6 |0.167| 0.514 
8 | 0.125) 0.381 
i0 | 0.100 0.303 
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9 
o 
Q 
A 
SRS 
X SS 
oP pLugeitvo] ek 
ee Ses 
6 8 TY 10 
Fia. 6 
a, 07) as O¢ ay Xe Ag A109 
2.667 | 
1.562 | 3.200 | 
1.143 | 1.914 | 3.657 
0.911 | 1.422 | 2.15 | 4.064 
0.656 | 0.970 | 1.3541 1.877 | 2.724] 4.773 
0.516 | 0.746 | 1.006 | 1.312 | 1.701] 2.186 | 3.116 | 5.456 
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For example for n = 5 (Figure 5a) the values of the circuit-elements 


are as follows: 


, =B, = 0.200k R27 £,), C, = B, = 0.625 k(R 20 f,), 
Ls = 8, = 1143kR/42 4% f,), Gy = 6, = 1.914 k(RQ f,) 


: _ if ot? Le 
L, =B, = 3.656k R/(2 w f)), where k = V2 —1 = 0.387. 


The values of a, can be evaluated as functions of n by calculating 


the corresponding 4’s as functions of n. Thus one gets: 


(ney 1) Sin 
CF = og —— a mi 
Pe bn 2? oe fy 


ete 4 (44) 
Such general expressionsare, however, difficult to obtain for large v. 


Tus Low-Pass Lappex. Constant-Currenr Drive. 


When the driver is a constant-current generator the transfer 
function is taken to be the transfer-impedance : 


v. 
Ly = |" | SSS 
i) =-0 


I 
(Fig 36). This is the case of drive from a pentode stage. 
The necessary and sufficient conditions for a function to be the 


transfer-impedance of a physically realizable network having a finite 
number of circuit-elements are the following : 


(1) Z, (p) should be real for p real. 
. P (p) ; 
(2) 24, (Pp) = Q (p)’ where P(p) is a polynomial and Q(p) is 


a Hurwitz polynomial in p. 


Should these conditions be satisfied, then the function can be the 
transfer-impedance of a physically realizable fourpole. This fourpole 
can further always be transformerless (while placing no further rest- 
rictions on the function). 
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The transfer-impedance : 
' V K 
ia eal Teese Sa 


where K and ¢ are positive real constants, satisfies the mentioned 
conditions and is thus realizable. The pertinent fourpole can be 
synthesized in a manner similar to the synthesis performed in the last 
section. However, use will be made here of the principles of duality 
and reciprocity together with the results of the last section. 


(i) Let the two fourpoles II and II’ of Fig 4 be dual, the duality 
being taken with respect to the load resistance R. Obviously the 
open-circuit the voltage transfer-ratio of one is equal to the short-circuit 
current transfer-ratio of the other. 


Thus: 
¥ lL, 
r, = [<2] -[2] -2 wo WN ag nes (47 
»=[5 Blend (47) 
enges 1 
ut since 1, = V 
it follows that the transfer impedance of the second fourpole is given by ; 


Sn Rett act Bo Taaat cih’ «. npabotsii-iel 4d) 


The fourpole which is dual to the one obtained above (fig. 5) 
possesses therefore the required transfer-impedance, on condition that 


Hae ee he emetic we. LP (49) 


(a) 


Fia. 7 
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The resulting network is shown in figure 7. The input element 
Bis always a capacitance. The values of the circuit-elements are 


given by: 
Beate ot ; ; : (50) 


for the series inductances, and by: 


B nih OC 


é: a R i : * 2 Fs f _ (51) 
for the shunt capacitances. 


(i) In Figure 3a and 6 when the generator and output terminals 
are interchanged the output voltage remains the same when the input 
current is kept the same. This is because the fourpole is assumed 
reciprocal. 


Thus by inverting the fourpole obtained in (i) of this section 
another fourpole is obtained which possesses the same required 
transfer-impedance. This fourpole is shown in Figure 8, The 
resistance is now at the input side, and the circuit-element B at 


the output side is always a capacitance. The values of the 
circuit-elements are still given by (50) and (51). 


Tur Banp-Pass LADDER 


It is well-known that the frequency transformation : 


as wh , 


) @, 
os (a! — —— : . (52) 


(a, =o) @ 
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transformsa low-pass intoaband-pass[8]. The frequencies 0, + @, 
are transformed into the frequency-pairs + @., a Or, + @; 
correspondingly, where: 


a Va; o_, Matipae pee WE. | (53) 


The new transfer-impedance (or transfer-ratio) is then: 


Kr ft i se De 
12.) kj[1 +0" —v(- s—) | 


—— 54 
fh (Piasthe On 


which can be approximated for small bandwidths : 


fee ie at betl ie ee f ye ekg) oc (BD) 


Li Wt 
[2 1=K{fr+@ - 0 =.) | . (36) 
: Pieces 


The low-pass notwork is then transformed into a band-pass one 
as follows. An inductance L is transformed into a series resonant 
circuit having : 


f, L 
ie — £5) 
d C : 
ee ge ag 5 Tile pmetagiecnal (58 
ms ant FL Ge) 


(iat ee i dae een 4 Seyi ieaep ye, WetESD) 


and Lie: aa ; : : : : : (60) 
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One gets a band-pass lander as in Fig 9a having as parallel 
elements parallel resonant circuits and as series elements series resonant 
circuits. The series resonant circuits have: 


zy R 


Li ao Viglt _] ... oe ) 
ae 2a (i — Pes ) : 
1 

C = 1 £2, ; : : : (62) 

and the parallel resonant—circuits : 

CV UP os aad Hoses 20) be tacieonqe en 
2nR (f,; —f.,) .° 
1 

L = iw o, i t f ‘ ; (64) 


where «_ ia given by (39) and the table in page 435. 
Corresponding to the three previous low-pass ladders one gets 
three band-pass ladders respectively (Fig 9). 
Cs Lé CzL3 Cy by Ce Le Cz te C2 l9 
U ‘ 
vi Cg EQLLGESLS = ROTY yt ue R tr, 


Cele Cyey Cf Ly 
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APPENDIX 


Constant- Resistance Networks 


Having Transfer-Rations —————— 
(1 +jto)" 
(a) Referring to Figure 10a, let ; 
R, = Rk, =k 
and Tet nae sR? 3 
Then the input impedance is: 


L=R. 


The output terminals will be taken across R,. The transfer-ratio 


is then: 


Let Z, wn oe Saar a 
jo 
Z,= joL, 
where a = R?, 
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isecruse the input impedance is: 


ie ae 


such a network can substitute R, ; this can be further repeated. For 


n such networks (Figure 2b) : 
T = 1/(1 + jt)", 
L 


where t= ae 


(6) Referring to Figure 10), let: 


,=R, =R 
and Z, Z, = RB’. 
Then the input impedance is: 
Z=R. 
The output termidals will be taken across R,. 
is then : 
V 
2 
a ae } +7) 
Let by es ey Baag. 
1 
L, os jaC 5 
where 2 See ia 
then Trew Pio Ch. 


Because Z = Rk , 


The transfer- ratio 


a complete network can substitute R, ; this may be repeated further. 


For n such network (Fig 2c): 


T = Witet joCR) ut ie 


see 


where T 


j 
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(c) The network of Fig 10c. where: 
Ps, ot Re? 
has[9] (without R, ) the image impedance: 


sree ul 4 


1 


and the image transfer-ratio: 
Z 
1 
i! } + a am . 
ica) 


Adding R, = R 
as in Fig 10¢ one gets the input impedance: 


2 ot 


and the transfer-ratio: 


T = igen 


Let fie ceciog oid Wh 
1 1 
“aise Ao OM 


where a =? , 


then  =—‘T Grey 


Now R, may be substituted for by a chain of such networks. 


For n networks (Fig 2d) 
tee 1 f(1 pte)? 


where G0 == oe 


bo 


G3 


ll. 


<e 
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